NICHOLS ALGEBRAS OF UNIDENTIFIED DIAGONAL TYPE 



IVAN ANGIONO 



Abstract. The Nichols algebras of diagonal type with finite root system are either of 
standard, super or (yet) unidentified type. A concrete description of the defining relations 
of all those Nichols algebras was given in [A3| . In the present paper we use this result 
to give an explicit presentation of all Nichols algebras of unidentified type. 



Introduction 

The classification of braidings of diagonal type whose Nichols algebra has a finite 
number of roots was given in |H2] . This problem is related with the classification of finite- 
dimensional pointed Hopf algebras over abelian groups. The list of Heckenberger can be 
split off in three families: 

• standard braidings, introduced in |AAj : 

• braidings of super type, see 

• a finite list of braidings whose connected components have rank less than eight. 
We call them unidentified. 

We recall that the Nichols algebra of a braided vector space {V, c) is a quotient of its tensor 
algebra by a suitable ideal I{V)- A crucial question involving these Nichols algebras is to 
obtain a minimal set of relations generating I{V)- Such problem was solved in |Alj for 
the first family, with a formula for the dimension of each Nichols algebra of standard type. 
A presentation for the second family was given in [Y] for the generic case, and in |AAYj 
for the non-generic case (except by some considerations for small orders on the entries of 
the braiding matrix). 

A complete answer can be found in |A3| . where the main result gives a list of relations 
satisfied by the generators of the Nichols algebras, depending on the matrix entries, see 
Theorem 11.61 below. This paper depends strongly on |A2j . the key point to obtain the 
desired presentation. It remains the problem to identify the relations needed for each 
one of the braidings. This is instrumental for several important questions concerning 
pointed Hopf algebras, among them the explicit determination of all liftings and their 
representation theory. 

In this paper, we deal with unidentified braidings and give a complete list of relations 
generating the defining ideal for the Nichols algebra of each braiding of this kind. For the 
small ranks we give also the list of positive roots for each case and the dimension. 

The organization of the paper is the following. The first Section includes some notions 
about PBW bases and root systems of Nichols algebras of diagonal type, as well as the 
presentation by generators and relations from |A3] . The second Section is devoted to give 
explicitly the presentation for each diagram. We begin with some unidentified families 
in rank 2, 3 or 4, and finally we split the remaining braidings in families by considering 
certain similarities on the associated generalized Cartan matrices. 
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Notation, k will denote an algebraically closed field of characteristic zero. For each 
> 1, Gtv will denote the group of A^-roots of unity in k, and the corresponding 
subset of primitive roots of order A^. 

1. Preliminaries 

We will recall all the preliminary results and fix the notation that we will use along 
this work. They are related with the theory of PBW bases for braided Hopf algebras of 
diagonal type |Khj . the Weyl groupoid of diagonal braided vector spaces |H1| and the 
presentation of Nichols algebras by generators and relations |A3] . 

1.1. PBW bases for Nichols algebras of diagonal type. 

We begin with the definition of a Nichols algebra associated to a braided vector space. 
To this end, fix a Hopf algebra H with bijective antipode, and denote by the category 
of left Yetter-Drinfeld modules over H. Let V € ^yT>. The tensor algebra T{V) admits a 
braiding extending c: V ®V ^ V ®V , and under such braiding it has a unique structure 
of graded braided Hopf algebra in ^yT> such that V C V{V) (i.e. A(x) = x®l + l®x). 

Definition 1.1. |AS3j Let (3 be the family of all the homogeneous Hopf ideals of / C T[V) 
such that 

• / is generated by homogeneous elements of degree > 2, 

• / is a Yetter-Drinfeld submodule of TiV). 

The Nichols algebra B{y) associated to V is the quotient of TiV) by the biggest ideal 

i{v) of e. 

The definition does not depend on the realization of a braided vector space {V, c) as 
a Yetter-Drinfeld module. In particular we will consider braidings of diagonal type; that 
is, there exists a basis of V and a family of non-zero scalars {qij)ij^j such that 

These braided vector spaces are related with vector spaces over 
group algebras of finite abelian groups. 

Fix {V,c) a braided vector space of diagonal type. We will describe, following |Khj . 
a particular PBW basis for each graded braided Hopf algebra B = (BnGNB"^ generated by 

= V as an algebra. 

Assume that V is finite dimensional, and denote 6 = dimV. Fix a basis X = 
{xi, . . . , xg} of V as above. X will denote the set of words with letters in X. We consider 
the lexicographical order on X. We can identify kX with T{V). 

T{V) admits a unique Z^-graduation as a braided Hopf algebra such that degXj = a^, 
where (ai)ig/ is the canonical basis of Z^. Assume that dim V = 6 < oo. Let x : Z^ x — >■ 
k^ be the bicharacter determined by the condition 

(1) xio^ijO^j) = liji foi' each pair 1 < i,j < 9. 
Then, for each pair of Z^-homogeneous elements n, f € X, 

(2) c{u v) = qu,vV u, qu,v = xidegu,degv) ek^ . 

Note that [XS3l Prop. 2.10] implies that I{V) is a Z -homogeneous ideal, and then 
B{V) is Z^-graded, see also [Ll Prop. 1.2.3]. 

Definition 1.2. u G X — {1} is a Lyndon word if for every decomposition u = vw, 
f,?i;GX — {1}, it holds that u < w. We will denote the set of all Lyndon words by L. 
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We know that any word it G X admits a unique decomposition as a non-increasing 
product of Lyndon words: 

(3) u = I1I2 . . .Ir, h ^ L,lr <■■■< li- 
lt is called the Lyndon decomposition of n € X, and each G L in ([3]) is called a Lyndon 
letter of u. 

For each u £ L — X, the Shirshov decomposition of u is the decomposition u = u\U2, 
ui,U2 S L, such that U2 is the smallest end of u between all the possible decompositions 
satisfying these conditions (it is easily proved that each Lyndon word admits at least one 
of such decompositions). 

For a general braided vector space, the braided bracket of x, y € T{V) is defined by 

(4) [x, y]c := multiplication o (id — c) (x y) . 

Using the previous decompositions and the identification of X with a basis of T{V), 
we can define a k-linear endormorphism [— ]^ of T{V) as follows: 

{u, if u = 1 or n G X; 

[Mc ' MJc) if li € L, £{u) > 1, u = vw is the Shirshov decomposition; 
[ui]^ . . . [ut]^ , if ti G X — L and its Lyndon decomposition is u = ui .. .Ut- 

We will obtain PBW bases using this automorphism. 

Definition 1.3. The hyperletter corresponding to Z € L is the element [l]^. An hyper- 
word is a word written in hyperletters; a monotone hyperword is an hyperword W = 

[Ui]'^^ . . . [Umlc'^ S^*^'^ t'^^t «!>•••> Urn- 

A different order on X, considered in [U] and used implicitly in [Khj is the the deg-lex 
order, defined as follows. For each pair u,v £ X, we say that u y v li £(u) < i{v), or 
i{u) = l{v) and u > v for the lexicographical order. Such order is total. The empty word 
1 is the maximal element for y, and this order is invariant by left and right multiplication. 

In what follows / will denote a Hopf ideal, and R = T{V)/L. Let vr : T(y) — )■ i? be the 
canonical projection. We set: 

Gi :={nGX:'u^kX^„ + /}. 

Therefore, if u € G/ and u = vw, then v,w £ Gj. In this way, each u G G/ is a 
non- increasing product of Lyndon words of G/. 

Consider the set Si := G/ H L, and define /i/ : 5/ — )■ {2, 3, . . . } U {co} by the condition: 

(5) hi{u) := min {t G N : n* € kX^„t + /} . 
Following |Khj we have the following results. 

Theorem 1.4. The set 

{[ui\l^ . . . [nmlc™ • "1 G No, > . . . > Um, Ui e Si,0 < ki < hi{ui)} 
is a PBW basis of H = T{V)/L. □ 

Corollary 1.5. (i) A word u belongs to Gj if and only if the hyperletter [u\^ is not a linear 
combination of greater hyperwords [w]^, w >- u, whose hyperletters are in Sj, modulo L. □ 

(ii) Ifv G Sj is such that hj{v) < 00, then is a root of unity. Moreover, ifoidq^^y = h, 
then hj{v) = h, and [v]^ is a linear combination of hyperwords [w]^, w >~ v^. □ 
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Let be the set of degrees of a PBW basis of }3{V), counted with their multiphcities 
[HI] . We can see that it does not depend on the PBW basis, |HH lAA] , We can attach a 
Cartan scheme C, a Weyl groupoid W and a root system TZ in the sense of \CH\ IHY| . see 
[HSl Thms. 6.2, 6.9]. To this end, define for each I < i ^ j < 6, 

(6) - aij := mm{n G No : (n + 1)^,^(1 - q^^^j) = 0} , 

and set an = 2. The symmetry Sj G Aut(Z^) is defined by the condition Sj(Qj) 

Set Qrs = x{si{oir), Si(«s))- Let Vi be another vector space of the same dimension, and 
attach to it the matrix q = (5rs)- By |Hlj . 

= Si {Al \ {ai}) U {qJ. 

Therefore last equation lets us to define the Weyl groupoid of V, whose root system is 
defined by the sets , V' obtained after to apply some refiections to the matrix of V. 
Those braided vector spaces obtained after to apply the symmetries Si define the Weyl 
equivalence class of V. 

When the root system is finite, we can prove that each root is real, and in consequence 
it has multiplicity one, see jCH| . 

1.2. A presentation by generators and relations of Nichols algebras of diagonal 
type. 

Fix as above a finite-dimensional braided vector space {V, c) of diagonal type, with 
braiding matrix {<lij)i<i,j<e-, ^ = dim V , and a basis xi, . . . ,xq oiV such that c(xj (g) Xj) = 
Let X be the bicharacter associated to (qij). 

We denote qlj = qijqji- The generalized Dynkin diagram of a matrix {qij)i<ij<e is a 
graph with 6 vertices, labeled with the scalars qu, and an arrow between the vertices i and 
j if qfj ^ 1, labeled with this scalar. For example, given (7 € k^, the matrices 

1 'Z^ , q^' q' q-' 

\ 1 1 q J \q~^ q-' q J 

— 9 —2 

have the diagram: o"?^ . 

In fact, two braided vector spaces of diagonal type are twist equivalent jAS3j if they 
have the same generalized Dynkin diagram. 

We denote also 

•^i-ii2---ih — (s-dc Xjj ) ■ ■ ■ (adc Xij^^-^^Xi^ , G {1, . . . , 0}. 

For each m G N, we define the elements X(m+i)oi+maj ^ ^(x) recursively: 

• if 771 = 1, X2ai+aj '■— (ad^ = Xjjj, 

• ■^(m+2)oi + (m+l)«j • \-^(m+l)ai+maji-^ij\c- 

Call Xq, a € A^, the generator of the Kharchenko's PBW basis. We denote 

Na := ordx(a, a), if x(q^5 «) is a root of unity. 

We give now the main result of |A3j . 

Theorem 1.6. Assume that the root system A^ is finite. Then B{V) admits a presentation 
by generators Xi, . . . ,xg and relations: 

(7) x^, aeO(x); 

(8) (ad,xi)--+ix,-, C^Vl; 

(9) x-'-, i is not a Cartan vertex; 
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i/ 1, j € {1, . . . , 9} are such that qu = Qij = qjj = —1, and there exists k ^ i,j such that 
qTk^ ^1 or qfk^ / 1, 

(10) x^.; 

ifi,j, k e {1, . . . ,6} are such that qjj = -1, qfk = qfjqkj = 1, 

(11) i^ijkj ■'^ilc ' 

i/i, j € {1, . . . , 9} are such that qjj = —1, quqfj € G'q, and also qu € G3 or mij > 3, 

(12) [^Jjij) •^ij\c ' 

if i,j, k £ {1, ... ,9} are such that qu = ±qij € G3, qfk = ^> o-nd also —qjj = qijqjk = 1 
or qj^ =qij=qjk^-'^, 

(13) \^iijki -^ijlc ' 

if hj, k 9} are such that qik,qij,qjk^ 1, 

(14) Xijk — -jr^ [^ik> Qiji^ Qjk) ^j^ik] 

if k € {1, . . . ,9} are such that one of the following situations 
° Qu = Qjj = -1, of/ = qjk~^, qrk = l, or 



lij = = G qik = 1^ or 

qkk = qjk = qjj = -i, qu = -qij g Gg, q^k = i, or 



o 
o 

o qjj = -1, ^ = qr:^, = -qt:^, ^ = or 



qjj = qkk = ^qij = qjk ^ G,'^, qik = 

(15) [[^ij 5 ^ijfc]g 5 ^Jjj ^ ; 

ifi,j,k G {1, ... ,6*} are such that qu = qjj = -1, qfj^ = qjk~^ , qfk = 

(16) [ \xij , [xij , Xjjfc]^] ^ , Xj] ^ ; 

Q^if ij, k, l^ {1, . . . , 9} are such that qjjqfj = qjjfjjk = 1, qjk^ = qfk~^ = qil, qkk = -1, 

qik = qu = qji = i; 

(17) [[[xijkuXk]^,Xj\^,Xk\^] 

if i,j, k G {I, . . . ,9} are such that qjj = qfj'^ = qfk ^ G3, qti = ^, 

(18) [[xijk,Xj]^Xj]^; 

ifi,j,k € {1, ... are such that qjj = qfj^ = qjk ^ G4, qfk = ^, 

(19) [ [[xjjfc, Xj]^ , Xj] ^ , Xj] ^ ; 

ifi,j,k G {1, ... ,6*} are such that = qfj = -1, qjj = qfk^^ ^ -I, qfk = 1, 

(20) [xjj , Xijk]^ 

ifij, k e {1,...,9} are such that qu = qkk = -1, = 1, %i G G3, qjj = -qfk = -^qij, 

(21) [Xi,Xjjk]c - (1 + <fjj)<lkj [^ijk, Xj]^ - (1 + q%){l + qjj)qijXjXijk; 
if i, j, A; G {1, . . . , 6*} are such that qf/. = I, qu = qfj = -Qik G G'^, 

(22) h,[ Xij^ Xik\^\ ^ + qjkqikqji [Xiiki Xij]^ + qij XijXuk'i 

ifi,j,k G {1, ... ,6'} are such that qjj = q^k = qfk = -1, qu = -qfj G G3, ^ = 1, 

(23) [Xiijk: Xijk]^ 1 
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ifi,j e {1,... ,6} are such that -qu, -qjj,qiiqij,QjjQij / 1; 

(24) (1 - q[j)qjjqji [xi, [xij.Xj]^ c " + - QjjQij)xjj; 

ifi,j € {1,...,6} are such that either rriij S {4,5}, or else qjj = —1, rriij = 3 and 
qu € G4, 

1 _ — _ 2 — 2 

/oc\ r 1 quqij QiiQij Qjj 2 

h,X3...2„.], (1-,,^),^. 

j G {1, ... ,6'} are SMc/i ^/lat 4aj + 3Qj ^ A^, qjj = —1 or niji > 2, and also mij > 3, 
or ruij = 2, qu G G3, 



(26) Xiai+3aj — [X3ai+2aj , Xij]c; 

Q if i, j G {1, . . . , 9} are such that 3ai + 2aj G A^, 5aj + Saj ^ A^, and qf^qfj, qfiqij 7^ 1, 

(27) [ 

Q if i, j G {1, . . . , 9} are such that 4Qj + Saj G A^, Sa^ + 4Q;j ^ A^, 
(28) 

i/i, j G {1, . . . , 0} are suc/i that 5aj + 2aj G A^, 7Qj + 3aj ^ A^, 

(29) [[Xiiij , Xiij], Xiij]c^ 

i/i, j G {1, . . . , 0} are such that qjj = —1, 5Qj + 4aj G A^, 

m) \x--x. . 1 b-{l + qu){l-quC){l + C + que)qU\ 2 

" quqijqji 

where C = ¥j, a = {l-C){l-qtie)-{l-qiiO{l + qii)qiiC, b = {l-C){l-qlC^)-a qnC. □ 



2. Unidentified Nichols algebras of rank 2 

In the following Sections we consider the different Weyl equivalence classes of braided 
vector spaces of unidentified type. We divide the work depending on the dimension of 
such spaces. We consider in this Section the 2-dimensional unidentified spaces, then some 
particular cases in rank three and four, and finally the remaining cases, but dividing the 
work in some families, according with the shape of the associated generalized Dynkin 
diagram. 

The unidentified braided vector spaces in |H2l Table 1] of rank two are those in rows 
7, 8, 9, 12, 13, 14, 15 and 16. 

We will consider each possible row, describe the root system of each braiding, and 
calculate the dimension of the corresponding Nichols algebra. 

Remark 2.1. The hyperword associated to a simple root Oi is the one associated to the 
unique Lyndon word of degree af. Xj. Also, the hyperword associated to a root of the way 

mai + 02 is Xmai+a2 = (adcXi)'^X2. 
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Moreover, for the braidings considered in this Subsection we have the following possible 
hyper words: 







•^3qi+2o2 


[■^2Qi+a2 ' *^CKi+CK2 


c 


•^4oi+3q2 — 


[2^3qi+2q2 ' '^Qi+a2]c ' 


■^5ai+2a2 ~ 


~ [-^301 +Q2 ' *^2cii +02 


c 


•^5oi+3q2 


[2^201+02 ' •^Soi +2a2 ] c ' 


■^5ai+4a2 ~ 


- [3^401+30:2 ' *^CKl+CK2 


c 


•^7oi+2q2 — 


[■^4cii+ce2 ' *^3ai+a2]c ' 


■^7cei+3a2 


[^5ai+2a2 ' •^2oi+02 


c 


■^7oi+4q2 — 


[2^201+02 ' -^Sqi +3a2 ] c ' 


■^8ai+3a2 — 


[2^301+02 ' -''5oi+2o2 


c 


2^8oi+5o2 


[2^501+302' '''3ai+2o2]c ■ 









Remark 2.2. If y, are two Weyl equivalent braided vector spaces of diagonal type, then 
dimS(y) = d\mB{W). It follows from the fact 

and that a hyperword of degree a has height ordx(«;Ck)) so we calculate the dimension 
computing the number of terms of the PBW basis; i.e. multiplying the orders of the 
associated scalars. 

Example 2.3. Row 7. These are the first unidentified braided vector spaces, for which 
C G primitive. The following diagram shows the action of the Weyl groupoid, where 

we indicate the vertices 1,2 by o, respectively. We omit those symmetries not changing 
the Dynkin diagram. 




In this case, 0{x) is empty. For each one of these vector spaces V , dimBiV) = 2 3 = 144. 
(i) o'^'' •^^ • In this case, 

= {ai, 2ai + 02, ai + 02, "i + 2a2, "2} • 

Considering the corresponding hyperwords from Remark 12.11 and following Theorem II. 6t 
B{V) has a presentation by generators xi,X2, and relations 



3- 3_r 1 C^°(l-C^)gl2 2 _n 

^1 ~ ^2 ~ Fli 2;ai+2a2Jc 1 — ^9 -^01+02 ~ ^' 



(ii) ■ The set of positive roots is in this case 

Ai = {ai, 2ai + 02, 3ai + 2a2, oi + "2, "2} 
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Therefore B{V) has a presentation by generators xi,X2, and relations 

xl = xl = [X3ai+2a2,xi2]c = 0- 

(iii) • The positive roots are the same as in (ii) exchanging 1 by 2, and 

B{V) admits an analogous presentation. 

(iv) — - — ■ The positive roots are 

= {ai, 3qi + a2, 1a\ + 02, a\ + 02, • 
Therefore -S(l^) has a presentation by generators x\^X2^ and relations 

x\ = x\ = {x2a^^oLi-,Xx2\c = 0- 

(v) . The set of positive roots is the same as in (iv) exchanging 1 by 2, and 

B{V) has an analogous presentation. 

Example 2.4. Row 8. Let <^ € be primitive. The roots in 0{x) are those such that 
qa = C^- For each one of these vector spaces V , dmiB{V) = 2^3^ = 432. 

(i) o^** — ~ — o?* • Their positive roots are 

= {«!, 2qi + a2, ai + Q2, ai + 2q;2, "2} • 
According to the Theorem ll.6|, B{V) has a presentation by generators xi, X2, and relations 

^3 _ 3 _ 12 -\r, T , n 1 - ~ 2 _ 

-^1 — -^2 ~ •^ai+a2 ~ L*''!' •^ai+2a2\c 1 _ (^9 '^01+02 ~ 

(ii) o"-"^ • In this case, 

A^ = {ai,2ai + 02, 3ai + 2a2, oi + "2, "2} ■ 

With the corresponding hyperwords from Remark 12. 11 B(y) has a presentation by gener- 
ators xi,X2, and relations 

^1 = 2:2 = X^^^^Q,^ = [2;3aj4.2a2) 2^12]c = 0- 

(iii) — - — • The positive roots for this braiding are 

A^ = {ai,3ai + 02, 2ai + 02, + 02, "2} • 
Therefore B{V) has a presentation by generators xi,X2, and relations 

= ^2 = (adcXi)'^j;2 = [X2ai+a2,xi2]c = 0. 

Example 2.5. Row 9. Let C S Gg be primitive. The roots in 0{x) are those such that 
Na = 18. For each one of these vector spaces V we have dimS(y) = 2^3^. 

(i) o-( . Their positive roots are 

= {qi, 2ai + a2, 3ai + 2a2, ai + a2, "i + 2a2, "2} • 
Following Theorem 11.61 B{V) has a presentation by generators xi,X2, and relations 

•^1 — -^2 — -^Cfi+a^ ~ L-^l) -^01+2(12 Jc ^ 1 a7 -^01+02 ~ ^■ 



(ii) o^'^ . The set of positive roots is the following 

A^ = {ai, 2qi + 02, 3qi + 2a2, 4ai + 3a2, ai + Q2, 02} 
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Therefore B{V) has a presentation by generators xi,X2, and relations 



X 



(iii) o~^^ — - — o^^ . In this case, 

= {ai, 4q;i + 02, 3ai + 02, 2ai + 02, a\ + 02,02} ■ 
Therefore B{V) has a presentation by generators xi,X2, and relations 

= xl = a;2^i+«2 = (adc 2:1)^X2 = [x2ai+a2,Xl2]c = 0. 

Example 2.6. Row 12. Let ( G G24 be primitive. Notice that the roots in 0{x) are those 
such that Na = 24. For each one of these vector spaces V, we have dimB{V) = 2^'^3^. 

(i) o^*' o'^^ ■ The set of positive roots is 

{ai, 3qi + 02, 2qi + 02, 3qi + 2a2, 4ai + 802, ai + 02, oi + 2a2, a2} • 

Considering the associated hyperwords. Theorem 11.61 establishes that B{V) has a presen- 
tation by generators xi,X2, and relations 

™4 _ 3 _ ^24 - ^24 _ r, 

■^1 ~ -^2 ~ •^3oi+a2 ~ ■^01+02 ~ ' 

(1 - C'')C%1 [Xl,x,,+2a2]c = (1 - CVa,+ar 

(ii) o^*^ — - — o^"^ • The set of positive roots is in this case: 

{«!, Soi + 02, 5ai + 2q2, 2ai + 02, 5ai + 3a2) 3ai + 2q2, ai + 02, 02} ■ 
Following Theorem 11.61 B{V) has a presentation by generators xi,X2, and relations 

xf = X^2 = 2;2ai+a2 = (adcX2)^2;i = [a;3Q,i+2a2 i 2;i2]c = 0. 

(iii) o^** . The positive roots are in this case 

{«!, 2ai + 02, 5ai + 3a2) 3ai + 2a2) 4ai + 3a2) 5ai + 4a2) oi + 02, 02} • 

Therefore Biy^ has a presentation by generators xi,X2, and relations 

^3 _ 2 _ 24 _ 24 _r. 



i + C + C' + 2C' + C^' . 

[a;2ai+a2ia;4ai+3a2Jc — (-]^ _^ ^4 _^ ^6 _^ ^ll^^lO^^i ^3"l+2a2- 



2 



(iv) • The set of positive roots is in this case: 

{ai, 5ai + 02, 4ai + 02, 3ai + 02, 5ai + 2a2, 2ai + a2, o\ + a25 ^2} • 
Therefore Biy^ has a presentation by generators xi,X2, and relations 

=xl= X5^i+2q2 = (adc2;i)'^a;2 = [3;2„i+„2, 2:12]^ = 0. 

Example 2.7. Row 13. Let ^ G Gg be primitive. The roots in 0{x) are those such that 
Qa G {Ci ~C^}- Foi^ each one of these vector spaces V, we have dimB(y) = 2^5^. 

(i) o^-*^ . The set of positive roots is in this case: 

{«!, Soi + 02, 2oi + 02, 5ai + 3q2, 3ai + 2a2) 4ai + 3q2, ai + 02, 02} ■ 

Following Theorem 11.61 B{V) has a presentation by generators xi,X2, and relations 

x\= x'\ = X2a^_|_Q,2 = 3;3ai+2a2 ~ ^cn+a2 ~ (adc3;i)^X2 = [2;4c(i+3a2 ) ^12]c = 0. 
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(ii) o~f^ • For this braiding, the positive roots are 

{ai, 4ai + 02, 3ai + 02, 5qi + 2a2, 2ai + Q2, 3ai + 2a2, ai + 02, 02} ■ 

Therefore has a presentation by generators xi,X2, and relations 

^10 _ ^2 _ 5 _ 5 _ 10 _ r, 

•^1 — -^2 ~ -^301+02 ~ ~ -^201+02 ~ ' 

(adcXi)^X2 = [xi,X3ai+2a2]c + Ql^xlai+ai = ^■ 

Example 2.8. Row 14. Let ^ € be primitive. The roots in 0{x) are those such 
that Na = 20. For each one of these vector spaces V, we have diuiBiV) = 2^5^. 

(i) o'' • The set of positive roots is the same as in Example I2.7l (i) . Following 

Theorem 11.61 B{V) has a presentation by generators xi,X2, and relations 



20 2 20 

1 — a>o — J-- 



i+2«2 = (adcXi)^X2 = [a^4ai+3a2'^12]c = 0- 



3o 

(ii) o^^^ o^^ • The set of positive roots is again the same as in Example 12.71 (i) . 

According to Theorem 11.61 B{V) has a presentation by generators xi,X2, and relations 

xf = x\= a;iai+2a2 = {^^cX\)'^X2 = [2;4ai+3a2 > 2;i2]c = 0. 

^3 

(ill) o^^ • The set of positive roots is the same as in Example l2.7l (ii) . Following 

Theorem 11.61 B{y^ has a presentation by generators x\^X2^ and relations 

1-C 



5_2_20 _20 _r ], (1 C^'')gl2 2 _ r, 

^1 — ^2 — ^3ai+a2 ~ •^ai+«2 ~ [^1, ^3ai+2«2Jc i /-2 ■^2ai+a2 ~ ^• 



^13 

(iv) qC* . The set of positive roots is again the same as in Example I2.7( (ii) . 

According to Theorem 11.61 BiV) has a presentation by generators xi,X2, and relations 

5_2_20 _20 _r ], ~ C'')gl2 2 _ n 

^1 — ^2 — ^3cn+a2 ~ ^ai+a2 ~ [^1 ) ^3cn+2a2Jc 1 — ^2 •^2Q:i+a2 ~ ^' 

Example 2.9. How 15. Let ^ £ G'^g be primitive. Notice that the roots in 0{x) 
those such that = 30. For each one of these vector spaces V, we have dim;S(y) = 
243454 = 304. 

(i) o?^ • The set of positive roots is 

{cti, 3ai + a2, 5ai + 2a2, 2ai + a2, 3ai + 2a25 c^i + 0.2, «i + 2a2, 02} • 

Considering the associated hyperwords, Theorem 11.61 says that B{V) has a presentation 
by generators xi,X2, and relations 



xf = xl = = (adcXi)^2;2 = 0, 

. , , e^l + e')qi2 2 r in 

[Xi,Xai+2a2\c-^ , >io X^_^^^^ — [Xsai+2a2, Xl2\c — ^■ 



(ii) o~?^^ • The set of positive roots is in this case: 

{ai, 4ai + 02, 3qi + 02, 2qi + 02, 3ai + 2a2, 4ai + 802, ai + 02, a2} 
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Following Theorem 11.61 B{V) has a presentation by generators xi,X2, and relations 

^30 

r 1 (1 - e)C'qi2 2 _r 1 _n 



Xi — X2^ — iC2Q,_|_Q,„ — (adcX2)^Xl — 0, 



(iii) qC . The positive roots are in this case 

{ai, 2ai + a2, 5ai + 3a2, 8ai + 5a2, 3ai + 2a2, 4ai + 3a2, ai + Oi2, 02} • 
Therefore B{V) has a presentation by generators xi,X2, and relations 

(iv) o"-*^ • The set of positive roots is in this case: 

{qi, 4ai + a2, 3ai + a2, 8ai + 3a2, 5ai + 2a2, 2ai + 02, ai + 02; 0^2} . 
Therefore B{V) has a presentation by generators xi,X2, and relations 

Xl = X2 = 2;|°^4.Q2 — ^2Qi+a2 ~ [X2ai+a2 ^ Xu]^ = [2:^501+202 i ^112] c = 0- 

Example 2.10. Row 16. Let G G'j be primitive. The roots in 0{x) are those such 
that Qa G {— Ci ~C^}- For each one of these vector spaces V, we have dimB{V) = 2^^7^. 

(i) — - — o^^ • The set of positive roots is in this case: 

= {cti, 3ai + a2, 2ai + 02, 7ai + 4a2, 5ai + 3a25 8ai + 5a2, 
3ai + 2a2, 7ai + 5a2) 4ai + 3a2) 5ai + Aa2,a\ + 02, 02} • 
Following Theorem 11.61 B{V) has a presentation by generators xi,X2, and relations 
x\ = x]^ = 0, a = ai, 2ai + 02; 5ai + 3a2) 3ai + 2a2) 4ai + 3a2) cki + ck2) 



(l-C + 3C^-Ogi ,- ^2 



[aacXi) X2 — [X2ai+aj,X4,on+3aj\c — ^y. , ^5 7;^ TdTTs ^^3aj+2a, — '-'5 



^3 

(ii) Q-C,^ . For this braiding, the positive roots are 

A'ji = {«!, 5ai + a2, 4ai + 02, 7ai + 2a2) 3ai + 02, 8ai + 3q2, 
5ai + 2q2, 7ai + 3a2) 2ai + 02, 3ai + 2q2, ai + 012, 02} ■ 
Therefore BiV) has a presentation by generators xi,3;2, and relations 

^2 = = a = ai, 4ai + a2, 3ai + 02, 5ai + 2q2, 2ai + 02, ai + 021 

(adcXi) 3:2 = [Xi, X3ai+2a2Jc + _ ^2 ^2ai+a2 = 0' 

3. Examples in rank 3 and 4 

Now we consider three Weyl equivalences classes in rank three and two in rank four, 
and make the same work as in the previous Section. 

Example 3.1. Rank 3, row 13. In this case we have two different Weyl groupoids, 
depending on the order of with the same root systems (the associated braidings are 
different). We analize each case. 

1. Let C € Gg be primitive. The roots in 0{x) are those such that ordg^ S {3,6}. For 
each one of these vector spaces V, dimB(V) = 2^3^6^ = 2'^3^. 
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(i) o^^ • The set of positive roots is the following: 

= {ai, a2, as, ai + 02, "2 + "s, 2ai + 2q2 + 03, ai + 02 + «3) + 2a2 + "s, 
ai + 2a2 + 2a3, 2q;2 + 03, ai + 3a2 + 203, 2ai + 802 + 203, 2ai + 4a2 + 803} . 

According to Theorem II. 6 1 B(y) has a presentation by generators xi,X2,X3, and relations 

X3 = (adc 2:1)^x2 = (adcXi)x3 = (adcX2)^xi = [x223,X23]c = [[a;i23,a;2]c,2;2]c = 0, 

= 0, a = ai,ai + 02, a2, ai + 2q2 + 203, ai + 3a2 + 2a3, 2ai + 802 + 2q3, 
x^ = 0, a = 02 + as, ai + a2 + a3,ai + 2a2 + 03. 

(ii) o~^^ • In this case, we have 

A^i = {ai, 02, 03, ai + a2, ai + 2a2, 2ai + 2a2 + "3, ai + 02 + 03, 2ai + 4a2 + 03, 
2a2 + a3, 02 + 03, «! + 8a2 + 03, 2ai + 802 + «3) + 2a2 + 03} . 

Theorem 11.61 says that BiV) is presented by generators xi,X2,X3, and relations 

X3 = (adcXi)^X2 = (adcXi)x3 = (adcX2)^xi = (adcX2)^X3 = 0, 

[X3, X22\\c + 921 [2:321, 2;2]c + Q'32C^(1 " C^)a;2a;321 = 0, 

o 

Xo = 0, a = «!, ai + Q2 + as, 02 + 03, a\ + 2a2, a\ + 802 + as, 2ai + 802 + as, 
Xq = 0, a = 02, ai + Q2, ai + 2q2 + as. 

2. Now, let C € Gg be primitive. The roots in 0{x) are those such that ord(/a = 6. In 
this case, dim^(y) = 2^836^ = 2^039^ 

(i) • The set of positive roots is the same as in l.(i) . Using Theorem 

11.61 we deduce that B{y^ has a presentation by generators xi,X2,X3, and relations 

x\ = (adcXi)^X2 = (adcXi)x3 = (adcX2)^xi = (adcX2)^X2 = 0, 

x^ = 0, a = ai, ai + a2, 02, ai + 2a2 + 2a3, ai + 8a2 + 2a3, 2ai + 8a2 + 203. 

(ii) o^^^ o^^ • The positive roots are the same as in l.(ii) . By Theorem 

11.61 B{V) is presented by generators xi,X2,X3, and relations 

X3 = X2 = (adcXi)^X2 = (adcXi)x3 = [x223,a;23]c = 0, 

[2;i, X223]c + g23[2;i23, X2]c " Q'l22;22;i23 = 0, 

Xo = 0, a = «!, ai + 02 + as, a2 + 03, ai + 2a2, ai + 802 + as, 2ai + 802 + as. 

Example 3.2. Rank 3, row 17. Let ^ € G3 be primitive. The following diagram 
shows the action of the Weyl groupoid, where we indicate the vertices 1,2,8 by o, *, •, 
respectively, and we omit those symmetries which do not change the Dynkin diagram. 
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In this case, the roots in 0{x) are those such that Na = 6, and dim;B(y) = 2^3^6 = 2^3^. 

(i) — — — - — . We have that 

= {«!, 02, as, tti + "2, "2 + as, ai + 02 + "3, ai + 2a2 + as, ai + 2a2 + 203, 
ai + 3a2 + 2a3, 2ai + 80:2 + 203, 2ai + Aa2 + 3a3} . 

Following Theorem 1 1.6t B{V) has a presentation by generators xi, 3:2, X3, and relations 

xl = xl=xl = = (adcXi)j;3 = [X32, [x32,X32l]J^ = X^i+2a2+2a3 = 0- 

-1 

(ii) ,-1 . For this braiding, 

= {qi, 02, a3, ai + 02, ai + 2a2, a2 + as, ai + 02 + 03, ai + 3a2 + 03, 
2ai + 3a2 + as, 2ai + 4a2 + 03, ai + 2a2 + as} . 

By Theorem 11.61 Biy) has a presentation by generators xi, X2, X3, and relations 

xl = xl = xl = (adcX2)^2;s = (adc2;i)xs = [x22i,X2i]c = [2:12, a^mJc = ^ai+2a2 = 0- 

(iii) . The root system is 




A^ = {ai, a2, as, ai + 2a2, ai + as, ai + 02, 02 + as, 2ai + 02 + as, 
ai + 2a2 + as, ai + 02 + as, 2ai + 2a2 + as} • 
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By Theorem 1 1.6 1 B{V) admits a presentation by generators xi, X2, X3, and relations 

xf = X2 = x'l = (adcX2)^2;3 = {adcXi)'^X2 = (adcXi)^2;3 = 

X123 = -^23(1 - C'^)[xi3,X2]c + 912(1 - C^)x2a;i3. 

C -C 
(iv) ,-1 — ^ — • In this case, 

= {«!, a2, 03, "2 + "3) as + ai, ai + 2a2 + 203, ai + 02 + "s, 2a2 + 803 + ai, 
a2 + 2a3 + ai, 02 + 203 + 2ai, 2a2 + 803 + 2ai} . 
Following Theorem 11.61 ^(V^) has a presentation by generators xi, X2, X3, and relations 



222 



3 = (adeXi)x2 = [[a;i3,a;i32]c>a;3]c = ^^a^+aa = 0. 



(v) «-C . Its root system is 

= {ai, 02, «3; "2 + «3) "2 + 2a3, 03 + 01, 2a2 + 2q3 + ai, 02 + 03 + 01, 
2a2 + 3a3 + ai, a2 + 203 + ai, 2a2 + 803 + 2ai} . 
Following Theorem 11.61 B{V) has a presentation by generators xi, X2, X3, and relations 
xf = X2 = x^ = (adca;3)'^X2 = (adc 0:3)^x1 = (adca;i)x2 = 0. 

(vi) . The corresponding root system is 

A^ = {ai, 02, "3, 02 + "2 + 203, 2a3 + ai, 03 + ai, 02 + "3 + ctij 
"2 + 3q;3 + ai, 02 + 803 + 2ai, 02 + 203 + ai} . 
By Theorem 11.61 it follows that B{V) is presented by generators xi, X2, X3, and relations 

x'l=X2 = xl = X^2+a3 = (adcXi)x2 = [2:331, X3i]^ = 

[a;i,a;332]c = -g23^C^[a^i32,a;3]c + gi3a;3a;i32- 

(vii) »C . We have the following positive roots: 

A^ = {ai, 02, "3) "2 + 0!3, 2as + ai, 03 + ai, 02 + as + ai, 02 + 3as + ai, 
a2 + 2as + 2ai, 02 + 2as + ai, 02 + 803 + 2ai} . 

Theorem 11.61 implies that B(y) has a presentation by generators xi, X2, X3, and relations 

x\ = xl = xl= X^2+„3+„^ = (adcX3)^X2 = (adcXi)x2 = [x3Si,X3i]c = 0. 

(viii) . For this braiding, 

o ^ 

A^ = {ai, 02, aS) 02 + "1, ^2 + as, "1 + as, "i + 2q;s, 02 + "i + as, 
a2 + ai + 2as, a2 + 2q;i + 203, 02 + 2ai + Sas} . 

Following Theorem 11.61 BiV) has a presentation by generators xi, X2, xs, and relations 

xl = xl=xl = XI2 = X^2+ai+2a3 = (adc X3)3x2 = [x33i,X3i]c = 

2;i23 = g2s(C - C^)[a;i3, a;2]c + 912(1 - C)2;2a;is- 
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(ix) •C^ . Its positive roots are 

= {ai, 02, "3) 02 + ai, «! + as, "i + 203, 02 + ai + as, 02 + "i + 203, 
a2 + 2ai + as, 02 + 2ai + 803, 02 + 1a\ + 203} . 
According to Theorem 1 1.6t Biy) is presented by generators xi, X2, X3, and relations 
x\ = x\ = x\ = a;^2+2ai+2a3 = (adc2;2)x3 = [x33i,X3i]c = [2:3312, 2:312] c = 
3^12 = [[2;3i,a;3i2]c,a^i]c = 0- 

Example 3.3. Rank 3, row 18. Let C G Gg be primitive. We distinguish this Weyl 
equivalence class of root systems because all the other unidentified cases in rank 3 have 
elements of Gg labelling their vertices and edges. 

In this case, the roots in 0{x) are those such that A^^^^ = 9, and dimjB(y) = 9^3^^ = 3^^. 

(i) of of of*^ • We have that 

= {qi, 02, «3, OL\ + 02, 02 + O3, Oi + O2 + O3, Oi + O2 + 2o3, Oi + 2o2 + 303, 

02 + 203, oi + 202 + 4o3, oi + 3o2 + 4o3, oi + 2o2 + 203, 2oi + 3o2 + 403} . 
Following Theorem 11.61 Biy) has a presentation by generators Xi, X2, X3, and relations 
x\ = (adcXi)^X2 = (adcXi)x3 = (adcX2)^xi = (adcX2)^X3 = 0; 
x^ = 0, o / 03, 02 + 03, oi + 02 + 03, oi + 2o2 + 803; 

(ii) of of^ of^ • For this braiding, 

A^ = {01, 02, 03, 01 + 02, 02 + 03, oi + 2q2, 02 + 2q3, 01+02 + 2o3, 

01 + 02 + 03, 01 + 2o2 + 03, 01 + 3o2 + 2o3, 01 + 2o2 + 2o3, 2oi + 3o2 + 203} . 
Therefore B{V) has a presentation by generators xi, X2, X3, and relations 
X3 = (adcXi)^X2 = (adcXi)x3 = (adcX2)'^xi = (adcX2)^X3 = 0; 
x^ = 0, o / 03, 02 + 03, oi + 02 + 03, oi + 202 + 03; 

Example 3.4. Rank 4, row 14. Let g € k^, (7 7^ ±1. The roots in 0{x) are those such 
that Qa € {q,—q~^}- Also, B{V) is finite-dimensional iff q has finite order. In such case, 
if M = ordg, N = ord -q'^, we have dim^(y) = l^M^N'-^. 

(i) o'? o^ o~i o~i^^ • For this braiding, 

A^ = {oi, 02, 03, 04, oi + 02, 02 + 03, 03 + 04, oi + 02 + 03, 02 + 03 + 04, 

01 + 02 + 03 + 04, oi + 02 + 203 + 04, oi + 2o2 + 3o3 + 04, 

02 + 203 + 04, oi + 2a2 + 203 + 04, oi + 2o2 + 803 + 204} . 

Following Theorem ll.6| B{V) has a presentation by generators xi, X2, X3, X4, and relations 
(adcXi)^X2 = (adcX2)^xi = (adcX2)^X3 = (adcX4)^X3 = 0; 
X3 = (adcXi)x3 = (adcXi)x4 = (adcX2)x4 = 0; 
x^ = 0, = 01,02,01 + 02 + 03; 

x^ = 0, o = 04, oi + 2o2 + 803 + 04, oi + 2o2 + 803 + 204. 
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(ii) oi o"^ • In this case, 

-1 

= {ai, 02, 03, 04, ai + 02, "2 + 03, as + 04, "2 + 04, a2 + "3 + 04, 
ai + 02 + 03, oi + a2 + 04, ai + 2a2 + as + "4, 
ai + 2a2 + 04, ai + 2a2 + 03 + 204, oi + a2 + + a^} . 
Therefore B{V) has a presentation by generators xi, X2, x^, X4, and relations 
(adca;i)^X2 = (adcXi)x3 = (adcXi)x4 = [(adc xi)(adc X2)x3, X2]c = 0; 
X2 = x| = X4 = ((adcX2)x4)^ = 0; 

[x2, (adcX3)x4]^ + ^(1 + q)q43 [(adc X2)x4, X3]^ - 923(1 + q'^^)x3(adc X2)x4 = 0; 

x*"^ = 0, Q = ai, 02 + as, "1 + "2 + as; 

=0, a = a3 + a4, ai + 2a2 + 04, ai + 2a2 + a3 + 204. 

(iii) 0I — — — — o^^ — 0^1'^ ■ For this braiding, 

= {«!, 02, a3, 0:4, «! + 02, OL2 + a3, 03 + 04, «! + 02 + a3, 02 + a3 + 04, 
a\ + 2a2 + a3, ai + 02 + a3 + 04, ai + 2a2 + 203 + 04, 
02 + 2a3 + 04, a\ + 2a2 + 03 + 04, ai + 02 + 203 + 04} . 
Then B{y^ has a presentation by generators xi, X2, X3, X4, and relations 
x\ = x\ = ((adcX2)x3)^ = (adcXj)^Xj = 0, i 7^ 2,3; 

x^ = 0, a = ai, a2 + 2a3 + a4, ai + a2 + 2a3 + 04; 

x^ = 0, a = Q4, «! + 2q2 + as, ai + 2a2 + 03 + 04. 

Example 3.5. Rank 4, row 22. Let ^ £ G4. This Weyl equivalence class contains eight 
different diagrams: 

(i) o-C — 0-1 — oC — o-C (ii) 0-1 — 0-1 — 0-1 — o-C 



~ c 

-c 



(iii) o"^ o^i (iv) o~i — ^ o~i 

-1 



(v) o~l o"^ (vi) Q-^ ^— o^l — ^ o~l 



-C 



(vii) o~i — ^ o'.' — ^ o-C (viii) o^^ o^^ — ^ o^^ o~? 

Each ones of the associated Nichols algebras have dimension 1^'^ . They are presented by 
generators xi, X2, X3, X4, and relations: 

.ifA^„ = 4: x^- 
• if qa = -1: xf ; 
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• if qu = Qjj = ^ = -1 (diagrams (iii), (vi), (viii)): x'^j] 

• ifqfj = l: {adcXi)xj; 

• if ^ = 9^7^ = ±C: {adcXifxj; 

• iiqfj = -1, qu = C (diagrams (iv), (vii)): (adcXi^xj; 

• if ^ = = -C, ^ = -1 (diagrams (iii), (iv), (vi)): 

• if -qjj = qfjq^j = ^ = 1 (diagrams (i), (ii), (iii), (vi)): [xijk,Xj]c; 

• if Ijj = Qij = -Qkj = C, 9ifc = 1 (diagram (i)): [[[xijk,Xj]^,Xj]^,Xj]^; 

• if qu = qjj - 1, -qTj = = ^ = 1 (diagram (ii)): [[xij, [xij,Xijk]^]^,Xj]^] 

4. The other unidentified Nichols algebras 

In this Section we will consider the remaining braidings of unidentified type. We will 
consider four differents subfamilies, according with the shape of their generalized Dynkin 
diagrams. The first subfamily that we will study is closely related with diagrams of type 
D^, Eq, Ej, but they contain non-Cartan vertices labeled with —1 and small orders on 
the qu (in fact, they are roots of unity of order 3 or 4). 

Theorem 4.1. Let {V^ c) a braided vector space of diagonal type of dimension 6 € {5, 6, 7}, 
whose generalized Dynkin diagram belongs to rows 11, 14, 17, 19 or 21 of |H21 Table 4]. 
Then BiV) is presented by generators xi, . . . ,xo and relations 

ifNa^2orNa = 2,a = Ui: x^" ; 

ifi,j are such that qu = Qij= Qjj = — 1.' xf-; 

if i,j are such that qfj = 1 (respectively, qij = q~-^ ^ —^)- 

{adcXi)xj {resp. (adcXj)^Xj; 

ifi,j,k are such that q^ = l^qjj =^-1, qfjqjk = 1- [xijk,Xj]c] 
if i,j,k are such that qik = qij = qjk ='■ C ^ ^3' 

^ijk QjkC [•^ik}Xj]c Qiji^ O^jXik, 

i/i, J, k are such that qf^ = qjk ='■ C ^ G4, qfj = —1: 

^ijk ~l~ QjkCi-^iki Xj]c ~ C^^j-^ik- 

Proof. First, note that Oij G {0,-1} for all these braidings; that is, for each pair i ^ j, 
either qfj = 1, or else qfj 7^ —1, qu G { — l,qfj~^}. This explains why we only consider 
quantum Serre relations associated to Ojj = 0, 1. We derive also that the Cartan vertices 
are those labeled with qu 7^ —1, which explains why we need only the power root vectors 
associated to simple roots, or to other roots such that 7^ 2. 

Finally we look at the other needed relations. As the aij's take only two values, we 
need few extra relations. □ 

The second subfamily seems close to type super D{n), but with certain 'degeneration' 
and small order on the labels of the vertices (roots of unity of order 2, 3, 5). With these 
diagrams and the corresponding to the previous family we cover all the cases in rank 5, 6, 7. 

Theorem 4.2. Let {V, c) a braided vector space of diagonal type of dimension 9 G {3, 4, 5, 6}, 
whose generalized Dynkin diagram belongs to row 15 of |H2( Table 2], or row 18 of |H21 
Table 3], or rows 12, 13, 15 or 18 of |H21 Table 4]. Then BiV) is presented by generators 
xi, . . . ,xe and relations 
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i ' 



ifqu = -1- x\ 

ifi,j are such that qfj = 1: (adcXj)xj; 

ifi,j are such that qfj = q~f^ ^ —1; {a.dcXi)^Xj; 

if i,j are such that qfj = q~^ € G5; {adcXiYxj-, 

ifi,j,k are such that qf, = ^^ii qfjqjk = 1- [xijk,Xj]c\ 

if i,j,k are such that qi^ = qij = qjk ='■ C ^ ^3- 

Xijk qjkC [xik}Xj'\i2 C^XjXik, 

if i,j, k are such that qfj =: ( G5, ^ = (jjk = Cf^ : 

Xijk qjkC [xikj Xj'\f~ Q'ijr(l C ^XjXik- 

if i,j, k are such that qfk = 1, qjj = qfj = qfk^ S G3; 

ifi,j,k are such that qfk = 1, qu = qjj = -1, qfk = qfk~^ : 

\[Xij^ Xijk](, 5 Xj~^ ^ . 

Proof. For these braidings, ajj € {0, —1, —2}. Moreover, the Cartan vertices are those 
such that qu ^ —1. In fact, when qu S G3 and there exists j such that ajj = —2, then 
qij = qu, so z is a Cartan vertex (but we do not need the corresponding quantum Serre 
relation). Therefore we need only the power root vectors associated to a simple root, or 
to other roots such that 7^ 2. 

The remaining relations we need to generate the ideal expresses the similarity with the 
super D{n) case. □ 

The following subfamily keeps certain similarity with diagrams of type super -F(4) for 
small orders on the labels of the vertices (3, 6). 

Theorem 4.3. Let {V, c) a braided vector space of diagonal type of dimension 9 = 4, 
whose generalized Dynkin diagram belongs to rows 20 or 21 of |H21 Table 3]. Then B{V) 
is presented by generators xi,X2,X3,X4 and relations 

N, 



a ■ 

a ' 
2 . 

i ' 



ifNa = 3,6." X, 

if qu = -1- X] 

if i,j are such that qfj = 1: (adcXj)xj; 

ifi,j are such that qfj = q~^^ 7^ —1: (adcXi)^Xj; 

ifi,j are such that qfj = q~^ , qu E Gg/ (adcXj)^Xj; 

ifi,3, k are such that qjj = -1, qfjqfk = qfk = 1- [xijk,Xj]c] 

if i,j, k are such that qfk = 1, qjj = qfj = qfk^ S G3; 

[[xjjfc, Xj]^ , Xj] ^ ; 

ifi,j, k are such that qfk = l, qu = qjj = -I, qjk = qik ^ 



[[xij, Xijk]i^ , Xj] ^ ; 
if i,j, k are such that qfk = qfj = qfk ='■ Q ^ G'^^ 

Xijk qjkQ \XikjXj\c ~ C)XjXik] 

if i,j, k are such that qfk = 1, —qjj = qfj = qfk ='■ C ^ '^3' 

[xj, Xjjk]c + qjk[Xijk-: Xj]c + qijiC C )XjXijk- 

Proof. It is analogous to the proof of Theorem 14.21 □ 
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Remark 4.4. If the diagram of {V, c) belongs to row 20 of \il2\ Table 3], then 

dimB{V) = 

On the other hand, if it belongs to row 21 of |H21 Table 3], then 

dimB{V) = 2^03^^ 

The last subfamily contains only two Weyl equivalence classes, where the labels of the 
vertices are roots of unity of order 2, 3, 6. 

Theorem 4.5. Let {V, c) a braided vector space of diagonal type of dimension 9 = 3 (resp. 
9 = 4), whose generalized Dynkin diagram belongs to row 16 of \5i2\ Table 2], (resp. row 
17 of jH2[ Table 3]). Then BiV) is presented by generators xi, . . . ,Xd and relations 

QifNa = 6: xl; 

Q if N, = 2,3: xf; 

ifi,j are such that qij = \: (adcXj)^^; 

if i,j are such that qfj = q~^^ 7^ —1: {adcXi)'^Xj; 

if i,j are such that qTj = qu = qjj = — 1.' xfj] 

ifi,j are such that qu G G3, Qjj = qfj = -1- [xuj , Xijjc, 

if i,j, k are such that qfj = —qfk = —Qjk ='■ C ^ ^3- 

if i,j, k are such that qfj = —1, = —qjk ='■ C ^ ^3- 

^ijk ~l" '^QjkCi-^ikj Xj]c ~l~ QijC ^j^ik- 

Proof. Now Qij G {0, —1, —2}, and the Cartan vertices are those such that qf-, qf- ^ 1. The 
proof follows then as in the previous cases. □ 

Remark 4.6. If the diagram of {V,c) belongs to [HH Table 2, row 16], dimB{V) = 2^3^. 
If it belongs to (HH Table 3, row 17], then dimB{V) = 2^^3^^. 

Acknowledgements. The author thanks Leandro Vendramm for all the explanations 
about SARNA program |GHVj to obtain root systems. 
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IVAN ANGIONO 



Abstract. The Nichols algebras of diagonal type with finite root system are either of 
standard, super or (yet) unidentified type. A concrete description of the defining relations 
of all those Nichols algebras was given in [A3| . In the present paper we use this result 
to give an explicit presentation of all Nichols algebras of unidentified type. 



Introduction 

The classification of braidings of diagonal type whose Nichols algebra has a finite 
number of roots was given in |H2] . This problem is related with the classification of finite- 
dimensional pointed Hopf algebras over abelian groups. The list of Heckenberger can be 
split off in three families: 

• standard braidings, introduced in |AAj : 

• braidings of super type, see 

• a finite list of braidings whose connected components have rank less than eight. 
We call them unidentified. 

We recall that the Nichols algebra of a braided vector space {V, c) is a quotient of its tensor 
algebra by a suitable ideal I{V)- A crucial question involving these Nichols algebras is to 
obtain a minimal set of relations generating I{V)- Such problem was solved in |Alj for 
the first family, with a formula for the dimension of each Nichols algebra of standard type. 
A presentation for the second family was given in [Y] for the generic case, and in |AAYj 
for the non-generic case (except by some considerations for small orders on the entries of 
the braiding matrix). 

A complete answer can be found in |A3| . where the main result gives a list of relations 
satisfied by the generators of the Nichols algebras, depending on the matrix entries, see 
Theorem 11.61 below. This paper depends strongly on |A2j . the key point to obtain the 
desired presentation. It remains the problem to identify the relations needed for each 
one of the braidings. This is instrumental for several important questions concerning 
pointed Hopf algebras, among them the explicit determination of all liftings and their 
representation theory. 

In this paper, we deal with unidentified braidings and give a complete list of relations 
generating the defining ideal for the Nichols algebra of each braiding of this kind. For the 
small ranks we give also the list of positive roots for each case and the dimension. 

The organization of the paper is the following. The first Section includes some notions 
about PBW bases and root systems of Nichols algebras of diagonal type, as well as the 
presentation by generators and relations from |A3] . The second Section is devoted to give 
explicitly the presentation for each diagram. We begin with some unidentified families 
in rank 2, 3 or 4, and finally we split the remaining braidings in families by considering 
certain similarities on the associated generalized Cartan matrices. 
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Notation, k will denote an algebraically closed field of characteristic zero. For each 
> 1, Gtv will denote the group of A^-roots of unity in k, and the corresponding 
subset of primitive roots of order A^. 

1. Preliminaries 

We will recall all the preliminary results and fix the notation that we will use along 
this work. They are related with the theory of PBW bases for braided Hopf algebras of 
diagonal type |Khj . the Weyl groupoid of diagonal braided vector spaces |H1| and the 
presentation of Nichols algebras by generators and relations |A3] . 

1.1. PBW bases for Nichols algebras of diagonal type. 

We begin with the definition of a Nichols algebra associated to a braided vector space. 
To this end, fix a Hopf algebra H with bijective antipode, and denote by the category 
of left Yetter-Drinfeld modules over H. Let V € ^yT>. The tensor algebra T{V) admits a 
braiding extending c: V ®V ^ V ®V , and under such braiding it has a unique structure 
of graded braided Hopf algebra in ^yT> such that V C V{V) (i.e. A(x) = x®l + l®x). 

Definition 1.1. |AS3j Let (3 be the family of all the homogeneous Hopf ideals of / C T[V) 
such that 

• / is generated by homogeneous elements of degree > 2, 

• / is a Yetter-Drinfeld submodule of TiV). 

The Nichols algebra B{y) associated to V is the quotient of TiV) by the biggest ideal 

i{v) of e. 

The definition does not depend on the realization of a braided vector space {V, c) as 
a Yetter-Drinfeld module. In particular we will consider braidings of diagonal type; that 
is, there exists a basis of V and a family of non-zero scalars {qij)ij^j such that 

These braided vector spaces are related with vector spaces over 
group algebras of finite abelian groups. 

Fix {V,c) a braided vector space of diagonal type. We will describe, following |Khj . 
a particular PBW basis for each graded braided Hopf algebra B = (BnGNB"^ generated by 

= V as an algebra. 

Assume that V is finite dimensional, and denote 6 = dimV. Fix a basis X = 
{xi, . . . , xg} of V as above. X will denote the set of words with letters in X. We consider 
the lexicographical order on X. We can identify kX with T{V). 

T{V) admits a unique Z^-graduation as a braided Hopf algebra such that degXj = a^, 
where (ai)ig/ is the canonical basis of Z^. Assume that dim V = 6 < oo. Let x : Z^ x — >■ 
k^ be the bicharacter determined by the condition 

(1) xio^ijO^j) = liji foi' each pair 1 < i,j < 9. 
Then, for each pair of Z^-homogeneous elements n, f € X, 

(2) c{u v) = qu,vV u, qu,v = xidegu,degv) ek^ . 

Note that [XS3l Prop. 2.10] implies that I{V) is a Z -homogeneous ideal, and then 
B{V) is Z^-graded, see also [Ll Prop. 1.2.3]. 

Definition 1.2. u G X — {1} is a Lyndon word if for every decomposition u = vw, 
f,?i;GX — {1}, it holds that u < w. We will denote the set of all Lyndon words by L. 
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We know that any word it G X admits a unique decomposition as a non-increasing 
product of Lyndon words: 

(3) u = I1I2 . . .Ir, h ^ L,lr <■■■< li- 
lt is called the Lyndon decomposition of n € X, and each G L in ([3]) is called a Lyndon 
letter of u. 

For each u £ L — X, the Shirshov decomposition of u is the decomposition u = u\U2, 
ui,U2 S L, such that U2 is the smallest end of u between all the possible decompositions 
satisfying these conditions (it is easily proved that each Lyndon word admits at least one 
of such decompositions). 

For a general braided vector space, the braided bracket of x, y € T{V) is defined by 

(4) [x, y]c := multiplication o (id — c) (x y) . 

Using the previous decompositions and the identification of X with a basis of T{V), 
we can define a k-linear endormorphism [— ]^ of T{V) as follows: 

{u, if u = 1 or n G X; 

[Mc ' MJc) if li € L, £{u) > 1, u = vw is the Shirshov decomposition; 
[ui]^ . . . [ut]^ , if ti G X — L and its Lyndon decomposition is u = ui .. .Ut- 

We will obtain PBW bases using this automorphism. 

Definition 1.3. The hyperletter corresponding to Z € L is the element [l]^. An hyper- 
word is a word written in hyperletters; a monotone hyperword is an hyperword W = 

[Ui]'^^ . . . [Umlc'^ S^*^'^ t'^^t «!>•••> Urn- 

A different order on X, considered in [U] and used implicitly in [Khj is the the deg-lex 
order, defined as follows. For each pair u,v £ X, we say that u y v li £(u) < i{v), or 
i{u) = l{v) and u > v for the lexicographical order. Such order is total. The empty word 
1 is the maximal element for y, and this order is invariant by left and right multiplication. 

In what follows / will denote a Hopf ideal, and R = T{V)/L. Let vr : T(y) — )■ i? be the 
canonical projection. We set: 

Gi :={nGX:'u^kX^„ + /}. 

Therefore, if u € G/ and u = vw, then v,w £ Gj. In this way, each u G G/ is a 
non- increasing product of Lyndon words of G/. 

Consider the set Si := G/ H L, and define /i/ : 5/ — )■ {2, 3, . . . } U {co} by the condition: 

(5) hi{u) := min {t G N : n* € kX^„t + /} . 
Following |Khj we have the following results. 

Theorem 1.4. The set 

{[ui\l^ . . . [nmlc™ • "1 G No, > . . . > Um, Ui e Si,0 < ki < hi{ui)} 
is a PBW basis of H = T{V)/L. □ 

Corollary 1.5. (i) A word u belongs to Gj if and only if the hyperletter [u\^ is not a linear 
combination of greater hyperwords [w]^, w >- u, whose hyperletters are in Sj, modulo L. □ 

(ii) Ifv G Sj is such that hj{v) < 00, then is a root of unity. Moreover, ifoidq^^y = h, 
then hj{v) = h, and [v]^ is a linear combination of hyperwords [w]^, w >~ v^. □ 
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Let be the set of degrees of a PBW basis of }3{V), counted with their multiphcities 
[HI] . We can see that it does not depend on the PBW basis, |HH lAA] , We can attach a 
Cartan scheme C, a Weyl groupoid W and a root system TZ in the sense of \CH\ IHY| . see 
[HSl Thms. 6.2, 6.9]. To this end, define for each I < i ^ j < 6, 

(6) - aij := mm{n G No : (n + - q^^j) = 0} , 

and set an = 2. The symmetry Sj G Aut(Z^) is defined by the condition Si{aj) 

Set Qrs = xi^iio^r), Si(«s))- Let Vi be another vector space of the same dimension, and 
attach to it the matrix q = {qrs)- By |Hlj . 

= {Al \ {a,}) U {a,}. 

Therefore last equation lets us to define the Weyl groupoid of V, whose root system is 
defined by the sets , V' obtained after to apply some refiections to the matrix of V. 
Those braided vector spaces obtained after to apply the symmetries Si define the Weyl 
equivalence class of V. 

When the root system is finite, we can prove that each root is real, and in consequence 
it has multiplicity one, see jCH| . 

1.2. A presentation by generators and relations of Nichols algebras of diagonal 
type. Fix as above a finite-dimensional braided vector space {V, c) of diagonal type, with 
braiding matrix iQij)i<i,j<e, S = dim^, and a basis xi, . . . , xq oi V such that c{xi (S>Xj) = 
Let X be the bicharacter associated to (qij). 
We denote (jij = qijqji- The generalized Dynkin diagram of a matrix {qij)i<ij<e is a 
graph with 6 vertices, labeled with the scalars qu, and an arrow between the vertices i and 
J if ^ 7^ 1, labeled with this scalar. For example, given (7 G k^, the matrices 

1 q' q-' ],{ q~' q' 
\ 1 1 q J \q~^ q-^ q J 

have the diagram: qq'^ o*^ . In fact, two braided vector spaces of diagonal 

type are twist equivalent |AS3j if they have the same generalized Dynkin diagram. 
We denote also 

^iii2-"ife — (c'-dc Xi^ ) ■ ■ ■ (&dc J , G {1, . . . , 0}. 

For each m G N, we define the elements X(^^j^i-^ai+maj € ^(x) recursively: 

• if 771 = 1, X2ai+aj '■— {^dcXi)'^Xj = Xnj, 

• ■'^{m+2)ai + {m+l)aj ■ [■^{m+l)ai+maj j ■^ij]c- 

Call Xq, a G A^, the generator of the Kharchenko's PBW basis. We denote 

Na := ordx(cK5 «), if xi^^i ck) is a root of unity. 

We give now the main result of |A3] . 

Theorem 1.6. Assume that the root system A^ is finite. Then B{V) admits a presentation 
by generators xi, . . . ,xg and relations: 

(7) x^, aeO(x); 

(8) (ad,x,)--+ix,-, qIT'^VI; 

(9) x^\ i is not a Cartan vertex; 
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i/ 1, j € {1, . . . , 9} are such that qu = Qij = qjj = —1, and there exists k ^ i,j such that 
qTk^ ^1 or qfk^ / 1, 

(10) x^.; 

ifi,j,k G {1,... ,6} are such that qjj = -l,qfk = qfjqkj = 1; 

(11) [^ijk,Xj]^; 

^/^> j £ {1) • • • ) 9} are such that qjj = —1, quqij G Gq, and also qu G G3 or mij > 3, 

(12) [xiij,Xij]^; 

if i,j, k £ {1, ... ,9} are such that qu = ztqij G G3, gjfc = 1, and also —qjj = qfjqjk = 1 
or qjl =qij=qjki'-l, 

(13) \Xiijki ) 

ifij, k e {1,. . . ,9} are such that qik,qij,qjk^ 1, 

(14) ^ijk ^ 'q^ [-^ifc) Q.jk) ^j^ik'i 

if k G {1, ■ ■ ■ ,9} are such that one of the following situations 
° Qu = Qjj = -1, of/ = qjk~^, qrk = l, or 
° Qij = Qjj^= Qu = -Ofk^ ^ ^> Qik = h or 

o qkk = qjk = qjj = -1, qu = -qij g Gs, qik = i, or 

o qjj = -1, ^ = q-^, ^1^ = -q^, ^ = 1^ or 

o qu = qjj = Qkk = —1) ^qij = qjk £ G3, q^k = i, 

(15) [[xjj , Xjjfc]^ , Xj] ^ ; 

ifi,j,k G {1, ... ,61} are such that qu = qjj = -I, qfj^ = qjk~^ , qfk = I, 

(16) [ \xij , [xij , Xijk]^ ^ , Xj] ^ ; 

if h j,k e {1,... , 9} are such that qjj = qfj'^ = qf/. e G3, qfk = I, 

(17) [[xjjfc, Xj]^ Xj] ^ ; 

ifhj, k e {l,...,9} are such that qkk = qjj = qij~^ = qfk'^ e Gg, qfk = 1, qu = qik 

(18) [[^^iij 5 ^Jjjjfc]^ , Xjjj ^ , 

ifij, k e {l,...,9} are such that qu = qfj'^ G Gg, qjj = qjk"^ = qfi, to = 1, qkk = q% 

(19) [[a^ijfc, Xj\^ , Xfc]c - (1 + qjkY^qjk [[a^ijfc, , Xj] ^ ; 
ifi,j,k G {1, ... ,0} are such that qjj = qfj^ = qjk ^ G/^, qik = ^, 

(20) [ [[xjjfc, Xj]^ , Xj] ^ , Xj] ^ ; 

ifi,j,k G {1, ... ,6*} are such that qu = qfj = -1, qjj = qfk~^ ^ -I, qfk = 1; 

(21) [xij , Xijk]^ ; 

ifij, k e {1,...,9} are such that qu = qkk = qfk = ^, qij ^ G3, qjj = -qfk = ±qfj, 

(22) [xi,Xjjk]c - (1 + l^ijk, ^j]c - (1 + + Qjj)QijXjXijk] 

if i,j, k,l e {1, . . . ,9} are such that qjjqfj = qjjqfk = 1, qkk = -I, qfk = qu = q/i = I, 
— 2 1 

qjk — qik — qu, 

(23) [[[xijkuXk]^,Xj]^,Xk]^] 
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ifi,j,k,l G {1,...,9} are such that qjk = ofj = QJ^ G G4 U Gg, qu = Qkk = -1, 
Qik = qu = Qjl = 1, Qjk^ = qik, 

(24) [ [^ijfc) i^ijkh ■'^fclc] c ' ''^j^l c ' 

if k,l £ {1,..., 6} are such that qu = qfk~^ = Qkk = qfk'^ = 0^ , (Hj = Qu^ = for 
some g G , qjj = -1, q^k = qu = qji = 1, 

(25) [ [[xjjfc, Xj]^ , [xijki, Xj]^ ^ , Xjfc] ^ ; 

if i,j, k, I G {1, . . . ,6} are such that one of the following situations hold 

o qkk = -1, qu = qTj"^ = qjj, m = qu^ = q%, qfk = qj^, qTk = qii = qj'i = i, or 
° qu = qij ^ = —qu ^ = -qu, qjj = qjk = qkk = — i; qik = qu = qji = i; 

(26) [[xijkhXj]^,Xk]^- qjk{qij~^ - qjj) [[xijkhXk]^,Xj]^; 
ifi,j,k G {1, ... ,6*} are such that qf^ = 1, q^ = qfj = -qf^ G G3, 

(27) [Xij, Xik]^ ^ ~\~ qjkqikQji [xuki Xij]^ + qij XijXakj 

if i, j,k e {1,... , 9} are such that qjj = = = -1, q^ = -qfj g G3, = 1, 

(28) [Xiijkj Xijk]^ , 

ifi,j G {1, ... ,6*} are such that -qu, -qjj,qiiqij,qjjqij 1; 

(29) (1 - qij)qjjqji [xi, [xij,Xj\^^ - (i + gji)(i - qjjqij)x'ij; 

^/*) J S {1) • • • ; ^} o.re such that either rrnj G {4, 5}, or else qjj = —1, ruij = 2>, qu G G4, 

— _ 2 — 2 

(r>rw r„ „ 1 J- quqij quqij qjj ji . 

if i,3 G {1, ... ,6'} are such that Aai + ^aj ^ A^, qjj = —1 orvriji > 2, and also rUij > 3, 
or ruij = 2, qu G G3, 

(31) Xiai+3aj = [X3ai+2aj , Xij]c; 

Q if i, j G {1, . . . , 6} are such that 3ai + 2aj G A^, 5aj + 3aj ^ A^, and quqfj, qfiqij 7^ 1, 

(32) [ 

XUj 1 X^ai +2aj \ c i 

if i,j G {1, ■ ■ ■ ,0} are such that Aai + 2>aj G A^, 5aj + Aaj ^ A^, 

(33) X^ai+iaj — [xAai+'iajiXij\c'i 

i/z, j G {1, . . . , 9} are such that Soj + 2aj G A^, 7Qj + 3aj ^ A^, 

(34) [ [^^iii j ; 2; j j J ] , X j ] (; , 

i/z, j G {1, . . . , 0} ore suc/i i/iai qjj = —1, 5aj + Aaj G Ail[,, 

.3.. . ...^^ ^ . b-(i + te)(i-teC)(i + C + g..CW . 

a quIijQji 

where C = ¥j, a = {l-C){l-qtie)-il-qiiO{l + qii)qiiC, b = {l-C){l-qf,C^)-a quC- □ 
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2. Unidentified Nichols algebras of rank 2 

In the following Sections we consider the different Weyl equivalence classes of braided 
vector spaces of unidentified type. We divide the work depending on the dimension of 
such spaces. We consider in this Section the 2-dimensional unidentified spaces, then some 
particular cases in rank three and four, and finally the remaining cases, but dividing the 
work in some families, according with the shape of the associated generalized Dynkin 
diagram. 

The unidentified braided vector spaces in |H2l Table 1] of rank two are those in rows 
7, 8, 9, 12, 13, 14, 15 and 16. 

We will consider each possible row, describe the root system of each braiding, and 
calculate the dimension of the corresponding Nichols algebra. 

Remark 2.1. The hyperword associated to a simple root Oi is the one associated to the 
unique Lyndon word of degree Oj: Xj. Also, the hyperword associated to a root of the 
way mai + 02 is Xmai+a2 = (adcXi)™X2. Moreover, for the braidings considered in this 
Subsection we have the following possible hyperwords: 



X 01+202 — 


■ ■ , X2]^ , 




•^3oi+2«2 


[x2ai-\-a2 1 X(yi-i^a2 


c 


2'4«i+3o2 — 


[■^3cii+2a2 ' Xq^i- 


f02]c ' 


X5ai+2a2 ~ 


~ [X3ai 


+02 ' '^2«i+«2 


c 


■^5«i+3o2 


[X2ai+a2 ) X^aj _ 


f2a2]c ' 


X5ai+Aa2 ~ 


- [3^401 


+3a2 ' Xai+a2 


c 


X7ai+2a2 — 


[■^4cii+a2 1 ^3qi - 


f02]c ' 


X7ai-\-3a2 


[X5ai^ 


2a2 ) X2ai+a2 


c 


■^7oi+4o2 — 


[2^2cii+a2 ' •^5cii- 


f3a2]c ' 


^8ai+3a2 ~ 


[3^3ai4 


02 ' X5ai+2a2 


c 


2^8«i+5o2 


[2^5«i+3o2 ' '^3ai+2a2]c ' 











Remark 2.2. If V , W are two Weyl equivalent braided vector spaces of diagonal type, then 
dimS(y) = (i\mB{W). It follows from the fact 

A5^ = Sp(A>^\{a,})U{ap} 

and that a hyperword of degree a has height ordxlo^a), so we calculate the dimension 
computing the number of terms of the PBW basis; i.e. multiplying the orders of the 
associated scalars. 

Example 2.3. Row 7. These are the first unidentified braided vector spaces, for which 
C € is primitive. The following diagram shows the action of the Weyl groupoid, where 
we indicate the vertices 1,2 by o, •, respectively. We omit those symmetries not changing 
the Dynkin diagram. 
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In this case, 0{x) is empty. For each one of these vector spaces V, dimB{V) = 2^3^ = 144. 

(i) • In this case, 

= {ai, 2ai + a2, ai + 02, ai + 2q;2, "2} • 

Considering the corresponding hyperwords from Remark 12.11 and following Theorem 11.61 
B{V) has a presentation by generators xi,X2, and relations 

3_ 3_r 1 C^°(l-C')gi2 2 

^1 — ^2 — Fl, XQ,j+2a2Jc 1 — ^9 ■^oi+«2 ~ ^• 

(ii) o^"' •^^ ■ The set of positive roots is in this case 

= {ai, 2ai + 02, 3ai + 2a2, ai + 02, 02} ■ 
Therefore B{V) has a presentation by generators xi,X2, and relations 

xl = xl = [X3ai+2a2,xi2]c = 0- 

(iii) • The positive roots are the same as in (ii) exchanging 1 by 2, and 

B{V) admits an analogous presentation. 

(iv) — - — •^'^ ■ The positive roots are 

A^ = {ai, 3ai + 02, 2ai + 02, ai + 02, "2} • 
Therefore B{V) has a presentation by generators xi,X2, and relations 

xf = xl = [a;2ai+a2)2;i2]c = 0. 

(v) o"'^ . The set of positive roots is the same as in (iv) exchanging 1 by 2, and 

B{V) has an analogous presentation. 

Example 2.4. Row 8. Let ^ S be primitive. The roots in 0{x) &re those such that 
Qa = C^- For each one of these vector spaces V, diniB(y) = 2^3^ = 432. 

(i) qC^ — - — • Their positive roots are 

A^ = {ai, 2ai + a2, ai + Q2, ai + 2a2, "2} • 
According to the Theorem ll.6|. B{V) has a presentation by generators xi, X2, and relations 

3 _ 3 _ 12 _ r 1 _ C^°(l - C'^)gl2 2 _ r, 

^1 — ^2 ~ -^01+02 ~ pl)^ai+2a2jc \ _ ^9 '^01+02 ~ 

(ii) . In this case, 

A^ = {ai, 2ai + 02, 3ai + 2a2, "i + "2, "2} ■ 

With the corresponding hyperwords from Remark 12. H B{V) has a presentation by gener- 
ators xi,X2, and relations 

xl = xl= a;^j+„2 = [X3ai+2a2,xi2]^ = 0. 

(iii) — ' — . The positive roots for this braiding are 

A^ = {ai, 3ai + 02, 2ai + 02, ai + "2, "2} • 
Therefore B{V) has a presentation by generators xi,X2, and relations 

= 2:2 = (adca;i)'^j;2 = [x2ai+a2, ^12]^ = 0. 
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Example 2.5. Row 9. Let C G Gg be primitive. The roots in 0{x) are those such that 
Na = 18. For each one of these vector spaces V we have dimBiV) = 2^3^. 

(■^ 

(i) o"'' o?^ • Their positive roots are 

= {cti, 1a\ + a2, 3ai + 2a2) «i + ck2, Oi\ + 2a2, 02} • 
Fohowing Theorem 11.61 .B(y) has a presentation by generators Xi,X2, and relations 
^18 _ 3 _ 18 - T ,0 1 I "^^(^ ~ 0^12 2 _ 

(ii) . The set of positive roots is the following 

= {ai, 2ai + 02, 3qi + 2a2, 4ai + 802, ai + Q2, 02} • 

Therefore has a presentation by generators xi,X2, and relations 

^3 
^1 



^2 ~ ~ -^201+02 ~ [^2ai+02 1 ^3ai+2a2]c ~ 



(iii) Q-C^ — - — . In this case, 

A^ = {ai,4ai + 02, Sai + 02, 2q;i + 02, "i + 02, "2} • 
Therefore B{V) has a presentation by generators xi,X2, and relations 

= xl = a^2ai+Q2 = (adc 2:1)^X2 = [a;2Qi+a2i^l2]c = 0- 

Example 2.6. Row 12. Let ( G G24 be primitive. Notice that the roots in 0{x) are those 
such that Na = 24. For each one of these vector spaces V, we have dim;B(y) = 2^'^3^. 

(i) o^'' o?* • The set of positive roots is 

{cti, 3ai + a2, 1oL\ + 02, 3ai + 2a2, 4ai + 3a2) Oi\ + 02, ai + 2a2, a2} • 

Considering the associated hyperwords, Theorem 11.61 establishes that B{y) has a presen- 
tation by generators x\^X2^ and relations 

™4 _ 3 _ 24 _ 24 _ r, 

■^1 ~ ■^2 ~ •^3Qi+a2 ~ ■^Qi+a2 ~ ' 

(1 - C'')C'^21 [^l,^ai+2a2]c = (1 - C''X+„2- 

(ii) o^*" — ^- — 0*^"^ • The set of positive roots is in this case: 

{ai, 3ai + a2, 5ai + 2q2, 2ai + 02, 5ai + 3a2) 3ai + 2q2, ai + 02, 02} ■ 
Following Theorem 11.61 B{y^ has a presentation by generators xi,X2, and relations 

^\ = a^i^ = 3;iai+„2 = (adcX2)^a;i = [x3„,+2a2>2;i2]c = 0. 

(iii) . The positive roots are in this case 

{«!, 2ai + a2) 5ai + 3a2) 3ai + 2a2) 4ai + 802, 5ai + 4a2; oi + 0^2, 02} • 

Therefore -B(l^) has a presentation by generators xi,X2, and relations 
^3 _ 2 _ 24 _ 24 _ Q 

i + C + C^ + 2C^ + C^7 ^ 

[a;2ai+«2' ^4ai+3a2Jc — (X + + + C^^)C^°921 
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^19 

(iv) . The set of positive roots is in this case: 

{qi, 5ai + Q2, 4ai + 02, 3ai + 02, 5ai + 2a2, 2ai + 02, ai + 02, "2} • 
Therefore -B(l^) has a presentation by generators xi,X2, and relations 

^^i"^ = = x|^i+2a2 = (adc2;i)^j;2 = [2;2„i+„2, Xi2]c = 0. 
Example 2.7. Row 13. Let C G Gg be primitive. The roots in 0{x) are those such that 
Qa € {Ci ~C^}- For each one of these vector spaces V, we have dimS(y) = 2^5^. 

(i) . The set of positive roots is in this case: 

{ai, 3ai + a2, 2ai + a2, 5qi + 802, 3ai + 2a2, 4ai + 3a2,ai + 0(2, 02} • 
Following Theorem 11.61 B{V) has a presentation by generators xi,X2, and relations 

^1 = ^2 = ^2ai+a2 ~ ^3ai+2a2 ~ ^0^+02 ~ {^^cXl)^X2 = [X4ai+3a2i ^12]^ = 0. 

(ii) Q-C^ • For this braiding, the positive roots are 

{ai, 4ai + Q2, 3ai + Q2, 5ai + 2a2, 2ai + 02, 3qi + 2a25 c^i + 025 02} • 
Therefore B{V) has a presentation by generators xi,X2, and relations 

_ ^2 _ 5 _ ^5 _ 10 _ ri 

•^1 — -^2 ~ '^3ai+02 ~ •^ai+02 ~ •^2oi+a2 ~ ^' 

(adcXi)^X2 = kl,2;3ai+2a2]c + 9l22;Li+a2 = 0" 

Example 2.8. Row 14. Let ^ G be primitive. The roots in 0{x) are those such 
that Na = 20. For each one of these vector spaces V, we have diuiBiV) = 2^5^. 

(i) • The set of positive roots is the same as in Example 12.71 (1) . Following 

Theorem 11.61 B{V) has a presentation by generators xi,X2, and relations 

20 _ ^2 _ ^20 _ / I ^ n4 



Xi =X2 = X^a^^2a2 = (adcXi) X2 = [xAai+3a2,Xl2]c = 0. 



(ii) • The set of positive roots is again the same as in Example 12.71 fi^ 

According to Theorem 11.61 B{V) has a presentation by generators xi,X2, and relations 

xf = xl= 2;3°,+2q2 = (adc2;i)'^X2 = [xAa^+'ia2,Xl2]c = 0. 



(iii) • The set of positive roots is the same as in Example l2.7l (ii) . Following 

Theorem 11.61 BiV) has a presentation by generators xi,X2, and relations 

5_2_20 _20 _r ], (1 ~ (}'^)ll2 2 _ n. 

Xl — X2 — X3q,^_j_q,2 — — [Xl,X^cix+2a2\c + 1 — (^^ ^2oi+a2 ~ ^' 

(iv) • The set of positive roots is again the same as in Example I2.7| (ii) . 

According to Theorem 11.61 B(y) has a presentation by generators xi,X2, and relations 

5_2_20 _20 _r ], ~ C^)gl2 2 _ n 

Xl — X2 — 3;3q,j_|_q,2 — — [XliX^cix+2a2\c + 1 — (^^ -^201+02 ~ ^" 

Example 2.9. Row 15. Let Q € be primitive. Notice that the roots in 0{x) are 
those such that = 30. For each one of these vector spaces V, we have dim;S(y) = 
243454 = 304. 

(i) o?'"^ • The set of positive roots is 

{ai, 3qi + 02, 5qi + 2a2, 2ai + 02, 3ai + 2a2, ai + Q2, ai + 2a2, a2} • 
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Considering the associated hyperwords, Theorem 11.61 says that B{V) has a presentation 
by generators xi,X2, and relations 

xf = xl = xi° = {adcXi)^X2 = 0, 



„2 



-c* 

(ii) o^^" • The set of positive roots is in this case: 

{qi, 4ai + Q2, 3ai + 02, 2ai + a2,Sai + 2a2, 4ai + 3a25 c^i + ^2, 02} • 
Following Theorem 11.61 B{V) has a presentation by generators xi,X2, and relations 

= X2^ = iC2ai+a2 ~ i^'icX2)'^Xi = 0, 
(1 - C^)C^gl2 



r 1 V-^ - A "^12 2 _ r 1 _ n 

[Xl, X3qi+2q2Jc TjTTT ^2ai+Q2 ~ [^4ai+3o2 ; ^12Jc " 



(iii) • The positive roots are in this case 

{ai, 2ai + a2, 5ai + 3a2, 8ai + 5a2, 3ai + 2a2, 4ai + 3a2; oi + ot2, 0^2} . 
Therefore yB(y) has a presentation by generators xi,X2, and relations 

Xl=X2 = 2^201+02 ~ ^4ai+3a2 ~ [3^4qi+3o2 ; ^12]c = 0- 

(iv) o"-*^ • The set of positive roots is in this case: 

{ai, 4qi + 02, 3qi + a2, 8qi + 3a2, 5ai + 2a2, 2qi + 02, ai + Q2, £12} ■ 
Therefore B{V) has a presentation by generators xi,X2, and relations 

^1 = ^2 = ^4ai+02 ~ ^2Qi+a2 ~ [^2ai+Q2 ; ^12]c = [a^5Qi+2Q2 i ^112]c = 0- 

Example 2.10. Row 16. Let G Gj be primitive. The roots in 0{x) are those such 
that Qa S {— Ci ~C^}- For each one of these vector spaces V, we have dim,S(y) = 2^^7^. 

(i) — - — . The set of positive roots is in this case: 

= {ai, 3ai + 02, 2ai + 02, 7ai + 4a2, 5ai + 3a25 8ai + 5a2, 
3ai + 2q2, 7ai + 5a2) 4ai + 3a2) 5ai + Aa2,a\ + 02, 02} • 
Following Theorem 11.61 B{V) has a presentation by generators xi,X2, and relations 
X2 = x]^ = 0, a = ai, 2ai + a2, 5ai + 3a2, 3ai + 2a2, 4ai + 3a2, ai + 02, 

(adcXi)^X2 = [X2ai+aj , X4ai+3aAc — , a2 ^4 , ^5"' ;T^3a,+2a, — 0' 



2^ + (2 _ ^3 _ ^4 + ^5 _ 2-^3">+2". 



c 

(ii) o~f^ o^^ • For this braiding, the positive roots are 

= {ai, 5ai + 02, 4ai + 02, 7ai + 2a2, 3ai + a2, 8ai + 3a2, 
5ai + 2a2, 7ai + 3a2, 2ai + a2, 3ai + 2a2, ai + 02, 02} • 
Therefore B{V) has a presentation by generators xi,X2, and relations 

X2 = x^ = 0, a = ai, 4ai + a2, 3qi + a2, 5ai + 2a2, 2ai + 02, ai + a2) 



(adcXl) X2 = [Xl, X3ai+2a2Jc + _ ^2 ^2ai+a2 = 0, 
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3. Examples in rank 3 and 4 

Now we consider three Weyl equivalences classes in rank three and two in rank four, 
and make the same work as in the previous Section. 

Example 3.1. Rank 3, row 13. In this case we have two different Weyl groupoids, 
depending on the order of with the same root systems (the associated braidings are 
different). We analize each case. 

1. Let C € G3 be primitive. The roots in 0{x) are those such that ordg^ S {3,6}. For 
each one of these vector spaces V, dim.B{V) = 2^3^6^ = 2^3^. 

(i) of of • The set of positive roots is the following: 

= {ai,a2, as, ai + 02, "2 + "s, 2ai + 2a2 + as, ai + 02 + 03, oi + 2a2 + "3> 
ai + 2a2 + 20:3, 2a2 + 0.3, + 3a2 + 203, 2ai + 3q2 + 203, 2ai + 4a2 + 303} . 

According to Theorem II. 6| B{V) has a presentation by generators xi,X2,X3, and relations 

X3 = (adc 2:1)^X2 = (adcXi)x3 = (adcX2)^Xi = [x223,X23]c = [[xi23,X2]c,X2]c = 0, 

o 

x„ = 0, a = oi, «! + a2, OL2, ai + 2a2 + 203,01 + 3a2 + 203, 2ai + 3q2 + 203, 
Xq = 0, a = a2 + 03, Qi + 02 + ^3, «i + 2a2 + a3- 

(ii) of Q-f^ o~^ . In this case, we have 

= {«!, 02, 03, ai + a2, ai + 2a2, 2ai + 2a2 + "3) ai + 02 + 03, 2ai + 4a2 + 03, 
2a2 + as, 02 + as, ai + 3a2 + 03, 2ai + 3a2 + as, ai + 2a2 + "3} • 

Theorem 11.61 savs that B{V) is presented by generators xi,X2,X3, and relations 

X3 = (adcXi)^X2 = (adcXi)x3 = (adcX2)^xi = (adcX2)^X3 = 0, 

[x3,X22i]c + q2i[x32i,X2]c + Q'32C^(1 " C^)a:;2a:;32i = 0, 

x„ = 0, a = ai,ai + a2 + as, a2 + as, ai + 2a2, "i + 3a2 + as, 2a\ + 3a2 + as, 
Xq = 0, a = a2,a\ + 02, ai + 2a2 + as- 



2. Now, let C € Gg be primitive. The roots in are those such that ordg^ = 6. In 

this case, dim^(y) = 2^336^ = 2^03^. 

(i) of of o^^ . The set of positive roots is the same as in l.(i) . Using Theorem 

11.61 we deduce that Biy^ has a presentation by generators xi,X2,X3, and relations 

x\ = (adcXi)^X2 = (adcXi)x3 = (adcX2)^xi = (adcX2)'^X2 = 0, 

Xq = 0, a = ai,ai + a2, a2,ai + 2a2 + 2a3, ai + 3a2 + 203, 2ai + 3a2 + 20:3. 

(ii) of o~f^ 0^1 • The positive roots are the same as in l.(ii) . By Theorem 

11.61 ^i^) is presented by generators xi,X2,X3, and relations 

X3 = xl = (adcXi)^X2 = (adcXi)x3 = [X223,a;23]c = 0, 
[Xl, X223]c + g23[2;i23, X2]c " Q'l22;22;i23 = 0, 

x^ = 0, a = ai,ai + a2 + as, a2 + 03, ai + 2a2, ai + 3a2 + as, 2ai + 3a2 + as- 
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Example 3.2. Rank 3, row 17. Let C £ be primitive. The following diagram 
shows the action of the Weyl groupoid, where we indicate the vertices 1,2,3 by o, *, 
respectively, and we omit those symmetries which do not change the Dynkin diagram. 




In this case, the roots in 0{x) are those such that Na = 6, and dim;B(y) = 2^3^6 = 2^3^. 

(i) 0-1 ,-1 . We have that 

= {«!, 02, as, ai + "2, 02 + 03, ai + 02 + 03, "i + 2a2 + 03, "i + 2a2 + 2a3, 
ai + 3a2 + 2a3, 2ai + 3a2 + 203, 2ai + 4a2 + 303} . 

Following Theorem 11.61 ^3{V) has a presentation by generators xi, X2, X3, and relations 

xl = xl = xl = = (adcxi)a;3 = [X32, [^32, 2^321] = 2:^1+202+203 = 0- 
-1 

(ii) *^ • For this braiding, 

= {ai, 02, as, ai + 02, ai + 2q;2, 02 + 0:3, 01+02 + 0:3, ai + 3a2 + 03, 
2ai + 3a2 + 03, 2ai + 4q;2 + as, ai + 2q;2 + as} • 

By Theorem 11.61 B(y) has a presentation by generators xi, X2, X3, and relations 
xl = xl = xl = (adc 2:2)^x3 = (adcXi)x3 = [x22i,X2i]c = [2:12, a^mJc = ^li+2a2 = 0- 
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(iii) . The root system is 



o 



= {ai, 02, "3) tti + 2a2, tti + as, + "2, ^2 + "3, 2ai + 02 + "3; 
ai + 2q;2 + a3, ai + 02 + 03, 2ai + 2a2 + 03} • 

By Theorem 11.61 B(y) admits a presentation by generators xi, X2, x^, and relations 

Xi=X2 = x1 = (adc 0:2)^X3 = (adcXi)^X2 = (adcXi)^X3 = 

3^123 = -523(1 - C'^)[xi3,X2]c + 912(1 - C^)X2X13. 

(iv) — - — »-i — — . In this case, 

= {«!, 02, 03, 02 + a3) a3 + ai, ai + 2a2 + 203, ai + 02 + a3) 2a2 + 3a3 + ai, 
02 + 2a3 + ai, 02 + 2a3 + 2ai, 2a2 + 3a3 + 2ai} . 

Following Theorem 11.61 ^i^) ^ presentation by generators xi, X2, X3, and relations 

xl = xl = xl = (adcXi)x2 = [[3;i3,a^i32]c,a;3]c = ^l^+a^ = 0- 

(v) • Its root system is 

= {ai, 02, a3, "2 + a-i, 02 + 2a3, 03 + ai, 2a2 + 2q3 + ai, 02 + 03 + qi, 
2a2 + 3^3 + ai, 02 + 2a3 + ai, 2a2 + 3q3 + 2ai} . 

Following Theorem 11.61 B{V) has a presentation by generators xi, X2, X3, and relations 

xf = X2 = x^ = (adcX3)'^a;2 = (adcXs)^^! = (adcXi)x2 = 0. 

(vi) • The corresponding root system is 

A'^ = {qi, 02, "3) "2 + 03, "2 + 2a3, 2a3 + ai, 03 + ai, 02 + 03 + oij 
"2 + 3a3 + ai, 02 + 3a3 + 2ai, 02 + 203 + ai} . 

By Theorem II. 6^ it follows that B{V) is presented by generators xi, X2, X3, and relations 

xl= xl = xl = X^2+a3 = iadcXi)x2 = [x33l,X3l]^ = 

[a^i,a;332]c = -g23^C^[a;i32, a;3]c + gi3a;3a;i32- 

(2 -C 

(vii) xt-i ,C . We have the following positive roots: 

A^ = {ai, 02, as, 02 + as, 2as + ai, 03 + ai, 02 + 03 + ai, 02 + 3a3 + ai, 
a2 + 2a3 + 2ai, a2 + 2a3 + ai, 02 + 3a3 + 2ai} . 

Theorem 11.61 implies that BiV) has a presentation by generators xi, X2, x^, and relations 

x'l = xl = xl = x^2+„3+Q,^ = (adcX3)^j;2 = (adcXi)rE2 = [^331, j;3i]c = 0. 
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(viii) ^-1 . For this braiding, 




= {ai, 02, as, "2 + ai, 02 + 03, "i + 03, "i + 2a3, 02 + oi + 03, 
02 + «i + 203, 02 + 2ai + 2q3, a2 + 2ai + Sas} . 

Following Theorem II .61 B{V) has a presentation by generators xi, X2, X3, and relations 

xl = xl = X3 = XI2 = 3;^2+qi+2q3 = (adc 3:3)^x2 = [3:331, a;3i]c = 
2;i23 = Q23(C - C^)[a::i3, a::2]c + ^12(1 - C)3;22;i3- 

-1 -C^ 

(ix) ■ Its positive roots are 

= {ai, 02, "3, 02 + oi, "1 + "3, "1 + 203, a2 + ai + 03, a2 + "i + 203, 
a2 + 2ai + 03, 02 + 2ai + 803, 02 + 2ai + 203} . 

According to Theorem 11.61 B{V) is presented by generators xi, 0:2, X3, and relations 

= X2 = x| = X^2+2«i+2a3 = (adcX2)x3 = [x33i,X3i]c = [a;3312 , 2:312] c = 
2^12 = [[x31,X312]c,Xl]^ = 0. 

Example 3.3. Rank 3, row 18. Let C € Gg be primitive. We distinguish this Weyl 
equivalence class of root systems because all the other unidentified cases in rank 3 have 
elements of Gg labelling their vertices and edges. 

In this case, the roots in 0{x) are those such that Na = 9, and dim;B(y) = 9^3^ = 3^^. 

(i) oC of o?*^ • We have that 

A^ = {ai, Q2, 03, oi + "2, ct2 + "3, ai + 02 + as, ai + 02 + 2a3, ai + 2a2 + 803, 

02 + 2a3, ai + 2q;2 + ^03, ai + 3a2 + 4a3, ai + 2a2 + 2a3, 2ai + 3a2 + 4a3} . 

Following Theorem 11.61 B{V) has a presentation by generators xi, X2, X3, and relations 

3:3 = (adcXi)^X2 = (adcXi)a;3 = (adcX2)^xi = (adcX2)^X3 = 0; 
= 0, a / as, a2 + 03, ai + 02 + as, ai + 2a2 + 3as; 

[k332,a;s32l]c,a;32]c = 0. 

(ii) o?'^ o^'' • For this braiding, 

A^ = {ai, a2, as, ai + a2, a2 + as, ai + 2a2, a2 + 2a3, ai + a2 + 2a3, 

ai + 02 + as, ai + 2a2 + 03, ai + 3a2 + 2a3, ai + 2a2 + 2a3, 2ai + 3a2 + 203} . 

Therefore B{V) has a presentation by generators xi, X2, X3, and relations 
X3 = (adcXi)^X2 = (adcXi)xs = (adcX2)'^xi = (adcX2)^xs = 0; 
x^ = 0, a / as, a2 + 03, ai + 02 + as, ai + 2a2 + 03; 

(1 + C^) [[Xi23, 2;2]c , a^slc = Ijk [[^^123, a^sJc , ^2]^ ■ 
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Example 3.4. Rank 4, row 14. Let g € k^, (7 7^ ±1. The roots in 0{x) are those such 
that Qa € {q, —q~^}. Also, I3{V) is finite-dimensional iff q has finite order. In such case, 
if M = ordg, N = ord we have dim^(y) = 2^M^N^. 

(i) o'? 0I 0^9"^ . For this braiding, 

= {«!, ^2, aS) 04, «! + 02, "2 + "3) 03 + 04, «! + 02 + 03, a2 + 03 + "4, 

ai + a2 + 03 + 04, Qi + 02 + 2a3 + 04, ai + 2q2 + Sas + 04, 
a2 + 2a3 + 04, ai + 2a2 + 203 + a^, qi + 2a2 + 3a3 + 20:4} . 

Following Theorem ll.6|, B{V) has a presentation by generators xi, X2, x^, X4, and relations 

(adcXi)^X2 = (adcX2)^a;i = (adcX2)^a;3 = (adcX4)^X3 = 0; 
x'^ = (adcXi)2;3 = (adcXi)x4 = (adcX2)x4 = 0; 
Xa =0, a = ai, a2, «! + 02 + 03; 

^ — "^4' ^1 + 2tt2 + 3a3 + 04, ai + 2a2 + 3a3 + 204. 

/••\ 

(11) o"? • In this case, 

-1 
,-1 



= {qi, 02, «3; "4, «1 + 02, "2 + «3) "3 + 04, "2 + "4, a2 + "3 + "4, 

ai + 02 + "3, Qi + 02 + 04, ai + 2a2 + 03 + 04, 

«! + 2a2 + 04, ai + 2a2 + 03 + 204, qi + a2 + 03 + 04} . 

Therefore B{V) has a presentation by generators xi, X2, X3, X4, and relations 

(adcXi)^X2 = (adcXi)x3 = (adcXi)x4 = [xi23,X2]c = Xg = X3 = X4 = X24 = 0; 

3^234 + ^(1 + q)qA3 [X24,X3]^ - g'23(l + g~^)x3X24 = 0; 

Xq =0, = 01,02 + 03,01 + 02 + 03; 

— ^1 = 03+ O4, Oi + 2o2 + O4, Oi + 2o2 + O3 + 2O4. 

(iii) — — — — — o^i~^ ■ For this braiding, 

A^ = {oi, 02, 03, 04, oi + 02, 02 + 03, 03 + 04, oi + 02 + 03, 02 + 03 + 04, 

01 + 2o2 + 03, oi + 02 + 03 + 04, oi + 2o2 + 203 + 04, 

02 + 2q3 + 04, oi + 2o2 + 03 + 04, oi + 02 + 203 + 04} . 

Then B{V) has a presentation by generators xi, X2, X3, X4, and relations 
X2 — Xg = "^23 ~ (adf^x^) ~^ ^'^'^j ~~ ^ 7^ 2, 3; 

[ [xi234,X2]c,a;3]c = ^23(1 + (r^)[[xi2U, ^zlc ^ ^2] ^: 

= 01,02+ 2O3 + O4, Oi + O2 + 2O3 + O4; 
X^ = 0, O = 04, Oi + 202 + 03, Oi + 202 + 03 + 04. 
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Example 3.5. Rank 4, row 22. Let C € G4. This Weyl equivalence class contains eight 
different diagrams: 

(i) o-C — — oC — o-C (ii) 0-1 — 0-1 — 0-1 — o-C 

(iii) Q-C — ^ oC (iv) — ^ — - 



-C 



-1 



0-1 



(v) 0-1 — — 0-1 — o-C (vi) 0-1 — 0-1 — 0-1 



(vii) o< — - Q-C (viii) o^i — ^ o^i o"? 

Each ones of the associated Nichols algebras have dimension 2^^. They are presented by 
generators xi, X2, x^, X4, and relations: 

• if iV„ = 4: x^"- 



"a 1 



2 . 

ij' 



• if g'ii = -1: xf; 

• if qu = Qjj =qfj = -l (diagrams (iii), (vi), (viii)): x: 

• if = 1: {adcXi)xj- 

• if ^ = = ±C: (adc Xi)^^^; 
?!:^ ^ Z?'' ^ Cjdiagrams (iv), (vii)): [xjij, x^j]^; 

if Qij = Qkj = -C, Qik = -1 (diagrams (iii), (iv), (vi)): 

if -gjj = qfjO^j = = 1 (diagrams (i), (ii), (iii), (vi)): [xijk,Xj]c; 

if Qjj =qij = -Qkj =C,(kk = '^ (diagram (i)): [[[xijk,Xj\^,Xj\^,Xj\^, 

if qu = qjj - 1, -qTj =qkj = C,qik = '^ (diagram (ii)): [[xij, [xjj, x^-fc] J ^ , Xj] ^; 

for diagram (v): [[X123, [a;i234, a^s] ' ^23] 



4. The other unidentified Nichols algebras 

In this Section we will consider the remaining braidings of unidentified type. We will 
consider four differents subfamilies, according with the shape of their generalized Dynkin 
diagrams. The first subfamily that we will study is closely related with diagrams of type 
Z?5, Eq, Ej, but they contain non-Cartan vertices labeled with —1 and small orders on 
the Qu (in fact, they are roots of unity of order 3 or 4). 

Theorem 4.1. Let {V, c) a braided vector space of diagonal type of dimension G {5, 6, 7}, 
whose generalized Dynkin diagram belongs to rows 11, I4, 17, 19 or 21 of |H2t Table 4]. 
Then B{V) is presented by generators xi, . . . ,xe and relations 

QifNa^2orNa = 2,a = ai: x^"; 

ifi,j are such that qu = qij = qjj = — I.' xfp- 

ifi,j are such that qfj = 1 (respectively, qTj = Qu^ ~^)- 

(adcXj)xj {resp. (adcXj)^Xj; 

ifi,j,k are such that qik = l, qjj = -I, qtjqjk = I- [xijk,Xj\c] 
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if 



if 



i,j,k are such that = Qij = qjk ='■ C ^ ^3' 
i,j, k are such that qlk = Qjk ='■ C ^ G4, qfj = —1: 



Proof. First, note that Oij S {0, —1} for all these braidings; that is, for each pair i ^ j, 
either g^j = 1, or else qfj —1, qu G { — This explains why we only consider 
quantum Serre relations associated to Uij = 0, 1. We derive also that the Cartan vertices 
are those labeled with qa 7^ —1, which explains why we need only the power root vectors 
associated to simple roots, or to other roots such that ^ 2. 

Finally we look at the other needed relations. As the ajj's take only two values, we 
need few extra relations. □ 

The second subfamily seems close to type super D{n), but with certain 'degeneration' 
and small order on the labels of the vertices (roots of unity of order 2, 3, 5). With these 
diagrams and the corresponding to the previous family we cover all the cases in rank 5, 6, 7. 

Theorem 4.2. Let {V, c) a braided vector space of diagonal type of dimension 6 € {3, 4, 5, 6}, 
whose generalized Dynkin diagram belongs to row 15 of |H21 Table 2], or row 18 of jH21 
Table 3], or rows 12, 13, 15 or 18 of |H21 Table 4]. Then BiV) is presented by generators 
xi, . . . ,X0 and relations 



Proof. For these braidings, aij € {0, —1, —2}. Moreover, the Cartan vertices are those 
such that qu ^ —1. In fact, when qu G G3 and there exists j such that aij = —2, then 
Qij = Qiij so i is a Cartan vertex (but we do not need the corresponding quantum Serre 
relation). Therefore we need only the power root vectors associated to a simple root, or 
to other roots such that Na 7^ 2. 

The remaining relations we need to generate the ideal expresses the similarity with the 
super D{n) case. □ 

The following subfamily keeps certain similarity with diagrams of type super -F(4) for 
small orders on the labels of the vertices (3, 6). 




Xijk QjkC [xik}Xj'\f~ Qij{^ C)XjXih, 

if i,j, k are such that qfj =■ C ^ '^'57 Qik = Qjk = C^- 

Xijk QjkC [xikj Xj]c Qij{^ C }XjXih. 

if i,j, k are such that qfk = ^, qjj = Qij = Qjk^ € G3; 



ifi,j, k are such that qik = ^, Qu = Qjj = Qjk = oTk 
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Theorem 4.3. Let {V, c) a braided vector space of diagonal type of dimension 6 = 4, 
whose generalized Dynkin diagram belongs to rows 20 or 21 of |H21 Table 3] . Then B{V) 
is presented by generators xi,X2,x^,X4, and relations 

QifN^ = 3,6: x^"; 

ifqu = -1- xf;^ 

ifi,j are such that qij = 1: (adcXj)xj; 

ifi,j are such that qfj = q^^^ ^ —1: (adcXj)^Xj; 

if i,j are such that qTj = q^^ , Qu G Gg/ (adcXi)^Xj; 

ifi,j,k are such that qjj = -1, qijOfk = 1, Qifc = I- [xijk,Xj]c; 

if i,j, k are such that tjik = 1, qjj = qfj = qfk' € G3; 

[[xjjfc, Xj]^ , Xj] ^ ; 
k are such that qik = l, qu = qjj = -'i-, Qjk = oTk ^ ^3/ 

[[xjj, Xjjfc]^ , Xj] ^ ; 
if i,j, k are such that qfk = Qij = Qjk ='■ C ^ ^3' 

^ijk QjkC {-^ik} Xj]c Qiji^ C")-^j-^ik) 

i/i, j, k are such that qik = I, —qjj = qfj = qjk ='■ C ^ '^3' 

[Xj, Xjjk]c ~l~ Qjki^ijk: Xj]c ~l~ QijiC C )-^j-^ijk- 

Proof. It is analogous to the proof of Theorem 14.21 □ 
Remark 4.4. If the diagram of {V, c) belongs to row 20 of \Ii2\ Table 3], then 

dim^(y) = 2^3310^ 
On the other hand, if it belongs to row 21 of |H21 Table 3], then 

dim^(y) = 2^03^^ 

The last subfamily contains only two Weyl equivalence classes, where the labels of the 
vertices are roots of unity of order 2, 3, 6. 

Theorem 4.5. Let {V, c) a braided vector space of diagonal type of dimension 6 = 3 (resp. 
6 = 4), whose generalized Dynkin diagram belongs to row 16 of \5i2\ Table 2], (resp. row 
17 of \U.2\ Table 3]). Then BiV) is presented by generators xi,. . . ,xg and relations 

QifNa = 6: xl; 

Q if N, = 2,3: xf; 

ifi,j are such that qij = 1: (adcXj)xj; 
ifi,j are such that qfj = q~^^ 7^ —1: (adcXi)^Xj; 
if i,j are .such that qfj = qu = qjj = — 1.' xf 



2 . 



ifi,j are .such that qu G G3, qjj = qij = — 1.- 
if i,j, k are such that qfj = —Qik = ~Qjk ='■ C ^ ^3- 

Xijk ~l~ QjkC [-^iki Xj\c ~\~ QijC -^j-^ik^ 

ifi,j,k are such that qfj = —1, qfk~^ = —qjk ='■ C ^ ^3- 

1 2 

^ijk ~l" '^QjkCl-^iki Xj\c + qijC ^j^ik] 

ifi,j,k,l are such that qfj G G'g, qj^^ = Qlfj = ofj'^ , Qkl = Qkk = -1, Qa = qfk 
oil = 1- 

[ [^Jjjfc, [Xijkl, "^fclc] c ' "^j^l c ' 
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Proof. Now Oij G {0, —1, —2}, and the Cartan vertices are those such that qf^, qf^ ^ 1. The 
proof follows then as in the previous cases. □ 

Remark 4.6. If the diagram of {V,c) belongs to |H21 Table 2, row 16], dimB{V) = 2^3^. 
If it belongs to (HH Table 3, row 17], then dimB{V) = 2^^3^^. 
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